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Non-Transitive Dominance 

The design of generalized dice in which 
A beats B, B beats C, and C beats A. 

RICHARD L. TENNEY 
CAXTON C. FOSTER 
University of Massachusetts 

If Al is taller than Bill and Bill is taller than Charlie, we may conclude that Al is taller than Charlie. 
This fact is abstracted mathematically by the statement that the relation "is taller than" is a transitive 
relation. Many other relations are also transitive: e.g., "greater than", "less than", "is isomorphic to", 
and "equals". Certainly, if all relations were transitive, transitivity would not be an interesting 
property to study. The relation "does not divide" (written A') is not transitive, for from the facts 34' 5 
and 54' 12, it does not follow that 34' 12. 

Intuitively one feels that relations having to do with dominance like "is better than" or "wins at 
chess from" or "is wiser than" should be transitive. But not all of them are, and this is surprising. 
Stories abound of chess masters who can beat everybody but a certain nemesis. This nemesis may be a 
rather second-rate player and be beaten regularly by many of the players that the chess master beats. 
Thus we have a case where A (the master) beats B and B beats C (the nemesis), but C beats A. 

This example is to a certain extent unsatisfying because the reasons for it are unclear, or at least 
the problem may not be mathematical. Perhaps the fault lies in some imprecision in the definitions. So 
let us consider a better defined situation, one involving objects and events that can be described in 
detail, and one which involves some interesting mathematics. 

We will consider a game between two players involving three dice, colored red, white, and blue for 
purposes of identification. Each player chooses a die and rolls it, and the one who rolls the higher 
number wins. The dice have been specially made for the game, and each face has an integer between 
one and nine on it; opposite faces of each die are identical; and the dice are fair in the sense that each 
side is equally likely. Surprisingly, this game, which sounds perfectly fair, can be rigged in such a way 
that the player who chooses the first die will lose an average of five out of nine games. 
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NONTRANSITIVE DICE: The three specially num- blue - white white - red red - blue 
bered dice 

2 3* 3 1 1 2* 
blue: 2, 6, 7, 2, 6, 7 2 4* 3 5* 1 6* 
white: 3, 4, 8, 3, 4, 8 2 8* 3 9* 1 7* 
red: 1, 5, 9, 1, 5, 9 6 3 4 1 5 2 

have the property that white wing when matched against 6 4 4 5* 5 6* 
blue, red wins against white and blue wins against red. 6 8* 4 9* 5 7* 
The various (equally probable) outcomes of these match- 7 3 8 1 9 2 
ups are enumerated in the accompanying table; as- 7 4 8 5 9 6 
terisks denote those rolls for which the dominant die of 7 8* 8 9* 9 7 
the pair actually wins. Non-transitivity makes possible a 
hustler's honeymoon: by letting his opponent choose the 5 wins for white 5 wins for red 5 wins for blue 
tirst die, he can insure (long-term) victory by appro- 
priate selection of the second die. 

TABLE 1 

Let us see how this is possible. Suppose the three dice have the following distinct numbers on their 
faces (each repeated twice, recall): red: 1, 5, 9; white: 3, 4, 8; blue: 2, 6, 7. If the first player chooses 
blue, the second chooses white; if the first chooses white, the second chooses red; and if the first 
chooses red, the second chooses blue. TABLE 1 gives the possible outcomes of rolling two dice in each 
case; asterisks mark those for which the second player wins. The "dominant" die wins five out of the 
nine possible rolls, and thus whichever die the first player chooses, there remains a "better" die for the 
second player to choose. 

In two recent columns [1, 2] Martin Gardner has presented a number of other non-transitive games 
and situations. In particular, he discusses what is known as the voters' paradox (or cyclic majority 
problem) in which the voters when presented with pair-wise choices prefer A to B, B to C, and C to 
A. This problem has been studied by several people [3, 4], and Usiskin shows that as the number of 
candidates increases without bound there is a limit to the proportion of voters that prefer A to B, B to 
C, etc. (assuming that all such preferences are equal). This limit is 3/4 of the voters preferring the 
stronger candidate and 1/4 the weaker. For small numbers N of candidates, Usiskin derives values for 
P, the maximum preference proportion: for N = 3, P = .618; for N = 4, P = 2/3; for N = 10, P = .732. 

In his column [1] Gardner notes that Efron was the first to point out the connection between the 
cyclic majority paradox and the non-transitive dominance relation among dice, with dice playing the 
role of candidates and the odds in favor of the dominant die being equivalent to the preference for the 
stronger candidate of each pair. In this paper we will do two things: first we will show that as the 
number of sides per die increases there is also a bound on the odds in favor of the dominant die and 
that this bound tends toward 3/4 as the number of sides goes to infinity. Second, we will present an 
algorithm for finding sets of dice with d dice of s sides each. 

The odds 

Standard dice are made of cubes with 6 sides. Other regular solids have 4, 8, 12 and 20 sides. For 
other integers n, one might be able to construct various irregular solids with n sides each equally likely 
to "come up". Rather simpler is the resort to an old child's toy called a dreidel. Historically a dreidel 
consists of a top with four flat faces each bearing one of four letters of the Hebrew alphabet. This top 
is spun and when it settles, one of the four faces is uppermost. It is easy to conceive of an n-sided 
dreidel. This requires that for n odd one either reads the face touching the floor, or better, replaces 
the n-gon by a 2n-gon and duplicates each face, retaining thus n different faces, each appearing 
exactly twice. 

To shorten the discussion which follows we present a few definitions and conventions: We will 
adopt a model of d dreidels, each with s sides. The dreidels are numbered 1,2, .. ., d, and when 
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considered in pairs dreidel i dominates dreidel i + 1 where arithmetic is done cyclically so that d - 1 
dominates d and d dominates 1, etc. Each of the total collection of d s faces will contain a unique 
integer drawn from the set {1, . . ., d .s }. The number on the jth face of the ith dreidel will be symbolized 
by Ai,j. We agree to order the faces on each dreidel in monotonically increasing order so that 
Ai,j < Ai,j+1 for all i and all j. Sometimes we will refer to the ith dreidel as Ai. 

We denote by xi the number of different rolls of dreidels i and i + 1 such that i wins from i + 1 
(i.e., xi is the number of pairs (I, k) such that Aij > Ai+1,k). Since there are s2 possible rolls of two 
s-sided dreidels, the probability that i wins is xils2. We denote by aij the number of faces of dreidel 
i + 1 that the jth face of dreidel i is larger than. It is the number of ways that i can still win from i + 1 
given that the ith dreidel came up Ai,j. Thus xi = ai1 + ai,2 + ' ' ' + ai,s. Further we know that if side j of 
dreidel i is larger than a,ij faces of dreidel i + 1 then side j + 1 of dreidel i must be larger than at 
least ai,j faces of dreidel i + 1 (ai,j+1 -'c ai,j) since Ai,j+1 > Ai,j. 

Now we are ready to find the bounds on xi as a function of the number of sides, s. Consider any 
column j in the array Ai,j. For some adjacent pair (i,i + 1) it must be the case that Ai,j <Ai+1,j 
(because < is transitive and each of {A1,,.... , Ad,j }is distinct). Let us refer to dreidels Ai and Ai+1 as B 
and C to simplify subscripts. For this pair, the maximum possible advantage of B over C would be 
achieved if all the sides Bj+1, .. ., Bs were greater than all the sides of C. This would allow B to win 
over C in s(s - j) of the possible spins. Furthermore, to maximize the chance of B winning over C, 
B1, .. ., Bj should be chosen large enough to win against C1,..., Cj-, even though they must lose to 
Ci, . . ., Cs; in short, they can account for j(j - 1) winning spins. Adding these together, we see that the 
advantage x of B over C is bounded by 

x ?s(s -j)+ jj- 1)= S2_Sj+ j2_j 

and this bound must hold for each column j. We now ask for which column j does this analysis give the 
smallest x? Simple calculus and some integer arithmetic shows that the value j = [s12] is the most 
constraining (where [z] is the smallest integer ' z). This gives a bound on x of x -' [(3S2 - 2s)/4] 
(where [z] is the largest integer-' z). (The reader is warned that there are two cases to consider: one 
for even s and another for odd s; the formula holds for both cases.) 

s 2 3 4 5 6 10 00 

p .500 .555 .625 .640 .666 .700 .750 

Maximum probability p of winning the dreidel game for various numbers of sides s. As shown in the accompanying 
article, p is derived from s by the formula p = L(3s2 - 2s )/4J Is2, where lz J is the largest integer less than or equal to z. 

TABLE 2 

TABLE 2 displays the probability that dreidel i will win from dreidel i + 1. This probability, p, is 
found by dividing x by s2; it approaches 3/4 as s approaches infinity, which is the same limit found by 
Usiskin as d approaches infinity. We will show by construction that this bound on x can be 
approached when d is large enough so this is a tight bound. For the general set of d dreidels with s 
sides the smaller of the two bounds (ours and Usiskin's) applies. 

Construction of Dreidels 

We now show how to construct all sets of d dreidels with s sides for which dreidel i will win x out 
of the s2 possible rolls with dreidel i + 1. The construction consists of three phases: first, generate 
certain appropriate partitions of x; second, build advantage tables from the partitions; and third, 
attempt to construct sets of dreidels corresponding to advantage tables. 

The easiest way to understand the construction is to work backwards from a set of dreidels. 
Consider the set of three four-sided dreidels with faces 
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A, = 1 7 8 10 

A2 = 4 5 6 11 

A3= 2 3 9 12 

For this set of dreidels, Ai wins 9 of the 16 equally likely rolls with Ai+,. For example, face one of Al 
dominates no face of A2, but the other faces of Al each dominate three faces of A2. Similarly, the first 
three faces of A2 dominate only two faces of A3, and the fourth face of A2 dominates three faces of 
A3. This information can be succinctly summarized in what we call an advantage table. For this 
example, the advantage table is: 

0 3 3 3 

2 2 2 3 

1 1 3 4 

Since Ai was constructed to win 9 of the 16 equally likely rolls with Ai+,, each row must add to 9. 
Since each entry in the table represents the number of faces of a dreidel dominated by a certain face, 
no number in the table may be larger than 4, the number of sides on a dreidel in this example. Also, 
since we list the sides of dreidels in increasing order, the entries in the rows of an advantage table must 
be in non-decreasing order. Finally, note that in column j the smallest entry must be less than j. To see 
that this is true, consider the numbers on the faces of the set of dreidels (the Ai j's) as a matrix. The 
smallest number in column j of this matrix cannot dominate more than j - 1 faces of its successor 
dreidel; for if it did, then the number for face j of the successor dreidel would have to be smaller than 
this number which was assumed the smallest in column j; a contradiction. (Note that the choice of 
which dreidel to label A, is arbitrary; but once that choice is made, the other names (A2 and A3) are 
given by the dominance relations that obtain.) 

For the case of d dreidels with s sides and an advantage of x out of s2 between adjacent dreidels, 
the rows of an advantage table consist of partitions of x into s integral parts arranged from 
left-to-right in non-decreasing order, where no part is less than zero or greater than s. The partitions of 
9 into 4 parts subject to these constraints are: 

Pi = 0 1 4 4 P3 = 0 3 3 3 P6= 1 2 3 3 

P2 = 0 2 3 4 P4 = 1 1 3 4 P7= 2 2 2 3 

P5 = 1 2 2 4 

(An interesting side problem, not explored here, is how many such partitions of x exist.) 
One can now easily list all matrices that could be advantage tables for d dreidels selecting d (not 

necessarily distinct) partitions of x as rows, subject to the constraint that column j of the matrix have 
an entry which is less than j. In listing all such matrices, we are not interested in those whose rows are 
cyclic permutations of one another. Thus, if the matrix with rows corresponding to partitions P1, P3, 
P5 were listed, the matrices P3, P5, P1 and P5, P,, P3 should be omitted. When this is done for the 
example we have been considering, twenty-two potential advantage tables are found. 

Now that we have seen how to generate possible advantage tables, we wish to develop a procedure 
that will, if possible, assign integers to the sides of the dreidels to realize the pattern of the advantage 
table. If this is not possible, it should tell us so as quickly as possible. We present an algorithm that 
accomplishes this with reasonable dispatch. 

With each row i of an advantage table we associate a counter Ci and a pointer Li which tells us at 
which element of the row the counter is pointing. All counters are initialized to 0 and all pointers to 1, 
so that every counter points at the left most element of its row. A counter is said to be "satisfied" if the 
number it holds (the contents of Ci) is equal to the element of the advantage table at which it points. 
Let N be an integer initialized to 1. The algorithm has 6 steps: 
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1. Find a counter Ci such that Ci is satisfied and Ci1 is not satisfied. If no such counter exists, no set 
of dreidels exists for this advantage table, and the algorithm halts. (Remember: the rows in an 
advantage table are ordered cyclically, so CO = Cd.) 

2. Assign the integer N to the side corresponding to the element at which this counter is pointing. 
(That is, if Li = j, assign N to side Ai, j.) 

3. Increment N by 1. 
4. Increment Li by 1. (Move counter i one position to the right.) 
5. Increment Ci-, by 1 (increment the unsatisfied counter above Ci). 
6. Repeat steps 1-5 until either all counters move off the right end of their rows ("moved off" 

counters are considered to be not satisfied) or the algorithm halts in step 1. 
Note that Li is always exactly one greater than Ci1 for all i, but the algorithm seems easier to 

understand if we introduce the pointers explicitly. Each pass through the algorithm assigns a number 
to one side of one of the dreidels so in d s passes we are guaranteed to exit from step 6 unless we fail 
earlier. 

Because in step 5 we increment the counter of the row preceding the row to which we assign the 
integer N, each counter tallies the number of sides on the succeeding dreidel that have been "taken 
care of" (by having integers assigned to them). Since we are assigning integers in increasing order, we 
cannot assign a value to face j of dreidel i until ai,j sides of its successor have been assigned smaller 
integers, where (ai,j) is the advantage table. Thus it is that we wish to work with satisfied counters. But 
now consider two successive satisfied counters. If the lower one is processed first, it will mean that 
another side of the second of the pair of dreidels will be assigned. But since the upper counter is 
satisfied, we know that we have already assigned just exactly enough sides to the second dreidel. 
Consequently, we look for a satisfied counter Ci such that C,1 is not satisfied. 

TABLE 3 shows an application of this algorithm; asterisks are used to mark satisfied counters. 

Advantage Table Counters and their Pointers at the beginning of each Pass 

P1= 0 1 4 4 C1 0* 0 0 1* 1 1 2 3 

P= 1 2 24 L1 1 2 2 2 3 3 3 3 

P6= 1 2 3 3 
L 

~~~~~C2 0 0 1* 1 1 2* 2* 2 

L2 1 1 1 2 2 2 3 4 
Faces of Dreidels 

D, 0 3 C3 0 1* 1 1 2* 2 2 2 

D3 2 A L3 1 1 2 2 2 3 3 3 

Pass 1 2 3 4 5 6 7 8 

A time history of the assignment algorithm. In pass 8 no satisfied counter is found, so the algorithm fails. 

TABLE 3 

Some results of this algorithm applied to sets of dreidels with up to seven sides are tabulated in 
TABLE 4. 

The set of four six-sided dreidels (dice) presented in TABLE 4 is given by our algorithm as the only 
set with an advantage of 2/3, yet they look almost nothing like Efron's set presented by Gardner with 
the same advantage. The reason for this is that we have chosen to make each side unique. To convert 
our set of four six-sided dreidels to Efron's dice we employ a technique called compression. If on one 
particular dreidel two successive integers (N and N + 1) appear, replace N + 1 by N, N + 2 by N + 1 
and so on for all integers (on all the dreidels) larger than N. Repeat until no successive integers appear 
on the same dreideL This converts the set given in TABLE 4 to the following table: 
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Number of Number of Advantage Number First Faces of First Set 
Sides Dreidels of Sets Advantage Table of Dreidels 

0 2 3 1 5 9 
3 3 5/9 2 1 1 3 3 4 8 

1 2 2 2 6 7 

4 3 10/16 0 

0 1 4 4 1 4 10 11 
4 3 9/16 6 0 3 3 3 2 7 8 9 

1 2 2 4 3 5 6 12 

0 2 4 4 1 9 12 13 
4 4 10/16 5 1 3 3 3 5 8 10 11 

2 2 2 4 4 6 7 16 
1 1 4 4 2 3 14 15 

0 1 5 5 5 1 3 15 16 17 
5 4 16/25 4 0 4 4 4 4 2 11 12 13 14 

2 3 3 3 5 6 8 9 10 20 
2 2 2 5 5 4 5 7 18 19 

0 0 5 5 5 1 3 11 12 13 
5 3 15/25 2 3 3 3 3 3 6 7 8 9 10 

1 2 2 5 5 2 4 5 14 15 

5 3 16/25 0 

0 0 6 6 6 6 1 2 16 17 18 19 
6 4 24/36 1 4 4 4 4 4 4 10 11 12 13 14 15 

3 3 3 3 6 6 6 7 8 9 23 24 
2 2 2 6 6 6 3 4 3 20 21 22 

6 3 23/36 0 

7 4 33/49 0 

0 0 5 7 7 7 7 1 3 20 23 24 25 26 
3 5 5 5 5 5 5 13 16 17 18 19 21 22 

7 5 33/49 > 16 3 4 4 4 4 7 7 9 11 12 14 15 34 35 
3 3 3 3 7 7 7 6 7 8 10 31 32 33 
1 2 2 7 7 7 7 2 4 5 27 28 29 30 

TABLE 4 

1 1 5 5 5 5 

4 4 4 4 4 4 

3 3 3 3 7 7 

2 2 2 6 6 6 

which is the same as Efron's, except that we start with 1, and he starts with 0. 

The authors wish to thank the University Computing Center for a grant of computer time to carry out this study. 
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 Matrices Derived from
 Finite Abelian Groups

 Some representation theory in reverse:
 information about certain matrices is
 found by relating them to finite groups.

 ROGER CHALKLEY

 University of Cincinnati

 In this paper, we investigate a special class of matrices called G-matrices which will be defined in

 terms of a finite abelian group G of order n. All matrices considered here have size n x n and their

 components belong to a field F which contains a primitive nth root of unity. The set of G-matrices

 with the operations of matrix addition and multiplication forms a commutative ring which is

 isomorphic to the ring of n x n diagonal matrices over F. To specify an isomorphism, we shall use the

 fundamental theorem for finite abelian groups to construct a nonsingular matrix M whose compo-

 nents are powers of a fixed primitive nth root of unity. We shall find that, for each G-matrix A, both

 M-1AM and MAM' are diagonal matrices; and, for each diagonal matrix D, both M-1DM and
 MDM-1 are G-matrices. After a general study of other matrices which have properties similar to

 those of M, we develop a formula to express the characteristic polynomial of any G-matrix as a

 product of linear factors over F.

 Let gl, g2, ... X gn be an enumeration for the elements of G. If A is an n x n matrix over F given
 by A = [ars] and if there exists a function a- from G to F which satisfies ars = o(g-1gs), for
 r = 1,2, ..., n and s = 1, 2, ...,n, then we say that A is a G-matrix.

 By the basis theorem for finite abelian groups ([5] or [6]), there exist elements hi, h2, ..., hq in G
 with orders mI, M2,..., mq such that, for each g in G, there are unique integers a,, a2, ..., aq which
 satisfy

 (1) g= haha2 ...haq and 0?ai<mi for i=1,2,...,q.
 Since there are mi values for ai, we have

 (2) n = mIm2 mq,

 where n is the order of G.

 We now begin our construction of the matrix M. Let ; be a primitive nth root of unity in F. For

 i = 1, 2, ... , q, let qi be the map of G into F which is defined in terms of (1) by

 qi (ha, ha2... h q) = i, where v - ;(n/m,)

 As in (1), there exist integers ai, such that

 (3) g1 = h cl ih 2i... hqqj for j=1,2,...,n,

 where G = {gl, g2 .... , gn}. We next define a map Xi of G into F by

 (4) Xi = ... qqi for j=1,2,...,n.
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 Thus, for each g in G, Xj (g) = (fj(g))a1i(f2(g))a2i ... (.q (g))qi

 PROPOSITION 1. The maps XI, X2,X.. X n are homomorphisms of G into the multiplicative group F*
 of nonzero elements of F and satisfy

 (5) Xr(gs)=Xs(gr), for r=1,2,...,n and s=1,2, ... ,n,

 and

 n n if g=e,
 (6) E Xi(g) =

 j=1 0 if g4 e,

 where e is the unit element of G and g is any element of G.

 Proof. For each r and s, we note that

 X, (g ) = ;11C'l;2c2 Cqcq Xs (gr)-

 Since XI, X2, 'Xn are easily verified to be n distinct homomorphisms of G into F*, (6) is a
 restatement of a well-known result (e.g., [4], pp. 467-468). Alternatively, we can deduce (6) by a direct

 computation based on (3) and (4). This concludes the proof.

 Now we are ready to construct the nonsingular matrix M and to exhibit its inverse L. Let L and M

 be the n x n matrices over F whose components Ars and /Jlrs, respectively, of row index r and column

 index s are Ars = Xr(gs-1)/n and gJlrs = Xr (gs). (Since F contains a primitive nth root of unity, the
 characteristic of F does not divide n.) Also, let 8rs = 1 when r = s; and, 8rs = 0 when r# s.

 PROPOSITION 2. The matrix M is nonsingular and M-1 = L.

 Proof. We use (5) to obtain Xr (g -1) = (Xr (gs))-1 = (Xs(gr))-Y = Xs(g '1) With (6), the (r, s) compo-
 nent of LM equals

 n n

 E Arj/ils = E Xj(gr lgs)= rs
 j=1 n j=1

 Hence, we have LM= I and M-1 = L. This completes the proof.

 Now suppose P is an n x n permutation matrix. That is, P can be obtained from the n x n identity
 matrix I by a permutation of the columns of I. The transpose pT of P is an n x n permutation matrix.

 If D is an n x n diagonal matrix, then PTDP is a diagonal matrix. We have PTIP = I and P` = PT.

 PROPOSITION 3. The matrix N defined by N = (1/n)M2 is an n x n permutation matrix such that
 N` = N. Moreover, if A is a G-matrix, then A T is a G-matrix and AT = NAN.

 Proof. For the (r, s) component vrs of N, we find

 n n

 Prs = A'rj/Ljs = E Xi (gr gs)

 By (6), we note that vrs = 1 when grgs = e and vrs = 0 when grgs # e. Thus, N is a permutation matrix.
 With (5), we deduce MT = M, NT = N, and N` = N.

 Suppose A is a G-matrix. Set H = NAN. Let the (r, s) components of A and H be ars and 7/rs.

 Then ars = o-(g-lgs), for some map o- of G into F, and

 n n

 7/rs = vrj (g 1 gk )vks.
 j=i k=l

 We have VrjVks = 0 unless grgj = e = gkgs; hence,
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 r1rs = ((gr ) g = (gs 1 gr) = asr

 and H = A T. Let r be the map of G into F defined by r(g) = o-(g-1) for each g in G. With

 7/rs = r(g2 gs), H is a G-matrix. This completes the proof.

 THEOREM 1. Suppose n x n matrices A and D over F satisfy AM = MD. Then, A is a G-matrix if

 and only if D is a diagonal matrix; and, A is a diagonal matrix if and only if D is a G-matrix.

 Proof. Our initial goal is to show that A is a G-matrix if and only if D is diagonal. Let ars and drs
 be the (r, s) components of A and D. Suppose A is a G-matrix with ars = o(gT-gs). For
 D = M-1AM, we find

 n n 1 n

 drs = , Arj akji/Is = - Xi (g) , o-(g gk )Xk (gs).
 j=1 k=1 n j = 1 k = 1

 As gk ranges over G, so does g7-lgk; thus, with (5), we have

 n n

 0 o-(g 1 gk )Xk (gs) = 0 (g gk )Xs (gk)
 k=1 k=1

 n n

 = , of0(g1 gk )Xs (g71 gk )xs (gj) = xj(gs) 0 o(gk )xs (gk)
 k=1 k=1

 We use the two preceding formulas and (6) to obtain

 1 n n n

 (7) drs = Xi (g r gs) , o(gk )Xs (gk)= rs E o(gk )xs (gk)
 n j=1 k= k= 1

 This yields drs = 0 when r# s. Thus, D is a diagonal matrix.
 Now suppose D is diagonal. With drs = drr8rs and A = MDM-1, we find

 n n n

 ars = /J.rj djj 8jk Aks = A-Irk dkk Aks
 j=1 k=1 k=1

 1 n 1) n - s) = E Xk (gr)dkkXk (gs ) = E dkk (Xk (g r
 n k=1 n k=1

 We define a map a- of G into F by

 in
 o-(g) 1= - dkk (Xk (g)) , for each g in G.

 Thus, with ars = o-(g-lgs), A is a G-matrix.
 To verify the second part of the theorem, we deduce from Proposition 3 that D is a G-matrix if

 and only if NDN is a G-matrix. But, from the preceding paragraphs, NDN is a G-matrix if and only if
 the matrix A = M-1(M2DM-2)M = M-1(NDN)M is diagonal. This completes the proof.

 PROPOSITION 4. Suppose C is a nonsingular n x n matrix over F such that, for each n x n matrix D,
 C-1DC is diagonal if and only if D is diagonal. Then there exist an n x n permutation matrix P and an
 n x n diagonal matrix E which satisfy C = PE.

 Proof. Let D be any diagonal matrix. Let brs, Crs and drs be the (r, s) components of C-1, C, and D,
 respectively. When r# s, the (r, s) component of C-1DC is

 n n n

 0 = E , brjdjj8jkcks = , brkdkkcks.
 j=1 k=1 k=1

 We set d,, = 1 and dkk = 0 for k # t to obtain brtcts = 0 whenever r, s, t = 1, 2,..., n and r# s. Similarly,

 CDC1 is a diagonal matrix and crtbts = 0 whenever r, s, t = 1, 2,..., n and r# s. Suppose Cjk ? 0. By
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 the preceding conditions, only the (k, j) component in either the jth column or the kth row of C` can

 be nonzero; since C` is nonsingular, we have bk,j 0. Similarly, only the (, k) component in the jth
 row or the kth column of C is nonzero. Thus, since C is nonsingular, each row of C has precisely one

 nonzero component and each column of C has precisely one nonzero component. This yields the

 conclusion of the proposition and completes the proof.

 PROPOSITION 5. Let Tr be a permutation of {1, 2, . . ., n} and let 4 be the bijection of G onto G

 defined by (gj) = g,) for j = 1, 2, .. ., n. Then a necessary and sufficient condition for the correspon-
 dence

 (8) gr gs g49w()9 s
 I

 of G onto G to be a well-defined bijection is that, for each x', y ', x", y" in G, 4 (x')o (y') = 4 (x")+ (y") if
 and only if x'y'= x"y".

 Proof. Any element of G is expressible as gr-1 gs, for some r and s. Thus, for a bijection of G onto
 G to be well defined by (8), it is necessary and sufficient that for each j, k, r, s in {1,2, .. ., n},

 gj lgk = g2 1gs if and only if g,)gr(k) = g(or)g(s). This is equivalent to gr(k)gr(r) = gr(j)gr(s) if and
 only if gkgr = gjgs. To complete the proof, we note that this last statement can be rewritten as the

 condition of the proposition.

 A permutation for which the condition of Proposition 5 is satisfied will henceforth be called
 admissible. If Ml is a nonsingular n x n matrix over F, we say that M1 transforms (the set of)
 G-matrices onto (the set of) diagonal matrices when, for any n x n matrix A over F, M-1AMl is a
 diagonal matrix if and only if A is a G-matrix. Theorem 1, for instance, shows that both M and M`
 transform G-matrices onto diagonal matrices.

 THEOREM 2. Let M1 be a nonsingular n x n matrix over F. Then:
 (a) M1 transforms G-matrices onto diagonal matrices if and only if there exist an n x n permutation

 matrix P and a nonsingular n x n diagonal matrix E over F such that M1 = MPE;
 (b) Both Ml and M-1 transform G-matrices onto diagonal matrices if and only if there exists an

 admissible permutation ir, a nonzero element c in F, and a homomorphism X of G into F* such that

 (9) M,= MPE, P = [8r, i(s)], and E = [cx(gr)8rs]

 Proof. (a) Suppose M1 transforms G-matrices onto diagonal matrices. Set C = M-'M1. We use
 Theorem 1 to verify that C satisfies the. hypothesis of Proposition 4. Thus, we obtain C = PE and

 M,= MPE.
 Now, suppose M1 = MPE. Let A be an n x n matrix over F. Set D = M-1AM, D1 = PTDP, and

 D,= E-'D1E. We find D2 = Ml AM,. By Theorem 1, A is a G-matrix if and only if D is diagonal;
 but, D is diagonal if and only if D2 is diagonal. Thus, M1 transforms G-matrices onto diagonal
 matrices.

 (b) Suppose both M1 and M`t transform G-matrices onto diagonal matrices. By (a), a permuta-
 tion X of {1, 2,..., n} and suitable nonzero elements El, E2,. , En in F exist such that

 M1 = MPE, P = [rr (s)], and E= [Er8rs].

 Let A = [ars] and B = [brs] be n x n matrices over F which satisfy

 (10) B = M-1(MAM-1)Mi = E-1PTAPE.
 We obtain

 brs = E s2 ariji (i) ajk8k,(t)Ct8ts = Cr Csar(r), (s) i,j, k, t

 for r = 1, 2, .. ., n and s = 1, 2, .. ., n. By (10), Theorem 1, and our hypothesis, B is a G-matrix if and
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 only if A is a G-matrix. First, we let A be the G-matrix with o(g) = 1, for each g in G, to obtain a
 map X of G into F* such that x(gr1g,)= E-r'E for r = 1,2,. .., n and s = 1,2,..., n. Thus, for each
 map a- of G into F, there exists a map r of G into F with

 (11) rT(g7'gs)=x(gr gs)o0(g 1r)g7r(s)), for r, s =1,2,

 also, for each map r of G into F, there exists a map a- of G into F which satisfies (11). This implies
 that a bijection of G onto G is well defined by (8). From Proposition 5, r is an admissible

 permutation. For r = s, we find x(e) = 1. Also, given x and y in G, we write x = gT' g, and y = g7' gk

 to obtain X (xy) = X (x)X (y). Thus, X is a homomorphism of G into F* and Er (X (gr )) 1 = Es (X (gs
 for r = 1,2,..., n and s = 1,2,..., n. Set c = Ec(x(gi))-. With Er = cx(gr) for r = 1,2,..., n, we
 obtain (9).

 Finally, suppose M1 is given by (9). From (a), M1 transforms G-matrices onto diagonal matrices.

 Let B be any n x n matrix over F. Set D = M,BM-1 and A = M-1DM. With the notation A = [ars]
 and B = [brs ], we obtain (10) and brs = X(g7r1 gs)aw(r), w(s) for r = 1, 2,. . ., n and s = 1, 2,..., n. Since X
 is admissible, we use Proposition 5 to conclude that B is a G-matrix if and only if A is a G-matrix.

 But, by Theorem 1, A is a G-matrix if and only if D is diagonal. Thus, M`1 transforms G-matrices
 onto diagonal matrices. This completes the proof.

 When a representation (9) exists for M1, it is necessarily unique. Namely, suppose P1, P2 are

 permutation matrices and E1, E2 are nonsingular diagonal matrices such that P1El = P2E2. Then, the
 permutation matrix P`1 P2 is equal to the diagonal matrix E1E 1. This yields P1 = P2 and E1 = E2. As
 in [4], p. 209, the homomorphisms of G into F* are linearly independent over F. Thus, the
 representation for E in (9) is also unique.

 It follows from Theorem 2 that both M1 and (M-1)-l transform G-matrices onto diagonal

 matrices. From Proposition 3, we obtain M- = (-) NM = MN(-). Let Ir be the permutation such

 that g,j) = g, for j = 1, 2,..., n. The proof of Proposition 3 yields N = [8r,I(s)]. In Proposition 5, the
 map k associated with X satisfies 0(g) = g 1, for each g in G; it is an automorphism of G.

 In general, each automorphism of G specifies an admissible permutation by the correspondence

 between 4 and I in Proposition 5. Similarly, for any fixed element go in G, the multiplication 4
 defined by +(g) = gog, for each g in G, specifies an admissible permutation I. There may exist
 admissible permutations which are not specified by automorphisms or multiplications; for example,

 such occur when G is a cyclic group of order 4. In Proposition 5, if f1 and o2 correspond to T1 and IT2,
 then the composite 01 o 02 corresponds to the composite 1T o 2. Thus, the set of admissible
 permutations is easily verified to be a subgroup of the symmetric group of all permutations of

 {1, 2, ... , n}.

 PROPOSITION 6. Under matrix addition and multiplication, the G-matrices form a commutative
 ring which is isomorphic to the ring of n x n diagonal matrices over F. Moreover, if A is a nonsingular
 G-matrix, then A` is a G-matrix.

 Proof. To each G-matrix A, we assign the diagonal matrix M-'AM. This specifies a one-to-one
 correspondence between the two sets of matrices which preserves the operations of matrix addition
 and multiplication. Since the n x n diagonal matrices over F form a commutative ring, the same is
 true for the G-matrices. Let A be a nonsingular G-matrix. Then, M-1AM and its inverse M-A -lM
 are diagonal. Thus, A-1 is a G-matrix. This completes the proof.

 (Each matrix M1 = MPE of Theorem 2 likewise specifies an isomorphism. But, for any G-matrix

 A, we have M-'AMl = PT (M-1AM)P. Thus, there are only n! distinct isomorphisms of this type.)

 PROPOSITION 7. Suppose M1 = MPE, as in Theorem 2. Then, an n x n matrix A over F is a
 G-matrix if and only if each column vector of M1 is an eigenvector of A.
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 Proof. Set D = M-1AM,. From AM1 = M1D, we note that D is a diagonal matrix if and only if
 each column vector of M1 is an eigenvector of A. From this, the conclusion follows by an application
 of Theorem 2.

 PROPOSITION 8. Suppose 0, 02,..., On are elements of Fandf(X) = (X - 01)(X - 02) (X- On)-
 Then, there exists a G-matrix A such that det (XI - A) = f(X).

 Proof. Set D = [0r8rs] and A = MDM-1. Then, A is a G-matrix and det(XI-A)=

 det(M(XI - D)M-1) = det (XI - D) = f(X).

 PROPOSITION 9. For a given map a- of G into F, let A be the G-matrix defined by A = [-(g-t gs)]

 and let e1, 62, . .. , en be defined by

 n

 (12) s= E o(gk)xs(gk), for s=1,2, ..,n.

 Then, det A = 6162 . n and
 n

 (13) det (XI - A) = (X - es).
 S=1

 Proof. For D = M-1AM, we use (7) to obtain D = [8rs6s]. This yields
 n

 det (XI - A) = det (XI - D) = H (X - es)
 s=1

 and det A = det D = 6162 (.

 By Proposition 9, the characteristic polynomial of any G-matrix is expressible as a product of

 linear factors over F. However, formula (12) is encumbered with Xl, X2, . . ., Xn To obtain a better
 computational procedure, we must choose an appropriate enumeration gl, g2, .. ., gn. This we do by
 means of the next two propositions.

 PROPOSITION 10. Suppose f1, f2,.. . ., fn and g1, g2,..., gn are two enumerations for the elements of G,

 let a- be a map of G into F, and set B = [o-(fflfs)], A = [o-(grlgs)], and P = [r,,(s)], where r is the
 permutation such that f, = g,) for j = 1, 2,..., n. Then B = PTAP and det (XI - B) = det (XI - A).
 Moreover, if Tr is admissible, then B is a G-matrix [6] relative to gl, g2, ... , gn.

 Proof. The (r, s) component of PTAP is

 n n

 k j,r(r) o((g;' gk )k,r(s) = (J(g lr)gr(s)) = (J(fr'fs)
 j=1 k=1

 This yields B = PTAP from which we obtain det (XI - B) = det (XI - A). Next, suppose X is
 admissible. By Proposition 5, there exists a bijection v of G onto G such that

 frTf =g4r)g(s) =v(g1rgs), for r,s=1,2,...,n.
 We have B = [(o- o v) (g t gs)], where the composite o- o v of o- and v is a map of G into F. Thus, B is a
 G-matrix. This completes the proof.

 In the context introduced for formulas (1) and (2), let R be the set of q-tuples (a,, a2,..., aq) with
 integral components which satisfy 0 - ai < mi, for i = 1, 2, . . ., q. Given a q-tuple of R, an integer k is
 defined by

 q /i-1\ o

 (14) k = 1 + ai ( mi) where mj = 1.
 i=lhj=lnj=l

 Then
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 1-k'1 k E (mi-) ( Mj) = n.
 i=l ~~j=l

 Set S = {1, 2,..., n}. Thus, (14) defines a map of R into S.

 PROPOSITION 11. The map defined by (14) is a bijection of R onto S.

 Proof. Suppose k is in S. We use the Euclidean algorithm to obtain

 k-1=^y1m1?a1, O?'a1<m1,

 Y= y2m2+ a2 0 a2 < m2,

 yq-1 = yqmq + aq, O-' =aq < mq.

 We find

 k -1 = al + a2ml? + + aq(mlm2 mql)?. q m+ yqlm2 mq).

 With k - 1 < n, we must have yq = 0. Thus, (14) is a surjective map of R onto S. To establish directly
 that (14) is one-to-one, suppose

 (15) a i (11 Mj = pEi (I1 Mi)
 i=l j=l i=l j=l

 where 0 ai - pi I < mi for i = 1, 2, .. ., q. We rewrite (15) to deduce that mi divides ai - Pi and
 ai = Oi, for i = 1, 2, . . ., q. This completes the proof.

 THEOREM 3. Let gl, g2,.. ..gn be the elements of G specified in terms of formula (1), for
 k=1,2,...,n, by

 q i-l

 (16) gk = h ch2 h h q and k=1?+ ai (H mi).
 i=l \j=

 For a map a- of G into F, set A = [o(g-1gs)]. Then

 (17) det (XI -A ) = (X - E 0.(gk)p1p2p ... *pq)X

 where each q-tuple (a(1, a2, ... Xaq) in R specifies k and gk by (16), the summation is extended over all n

 of the q-tuples in R, and the product is extended over all n of the q-tuples (pl, p2 .... I pq) in which the ith
 component is an mith root of unity in F.

 Proof. For i = 1,2,... , q, let vi be a primitive mith root of unity in F and let qi be the
 homomorphism of G into F* with

 i (hi)= vi and qi(hj)= 1 for jz i.

 We use Proposition 11 to define a homomorphism Xs of G into F* by

 q /i-I

 (18) VS = 12... +q3 and s=1+zE ,i (H mj)
 i=1 j=l

 for s = 1,2, .. ., n. When s ranges from 1 to n, the formula

 (Xs (hi), Xs (h2), ,Xs (hq)) = (;3i, ;2,, 'q)
 specifies all n of the q-tuples (pl, P2, ...,Pq). Since our notation is consistent with (3) and (4), the
 earlier results for Xs are applicable. With (16), (12), and (13), we obtain
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 s= (gk (hI (h2) (.hq
 (af)

 and (17). This completes the proof.

 From the preceding formulas, we find

 (19) det A = H| (E 0(gk)p 1Ip2* pqq)
 (p ) (a )

 There are alternate ways to write (17) and (19). For (19), we have

 (20) det A = E (gk)4l1 1422 2... 4q13q)
 (9) (af)

 where the q-tuples (a,, a2,.. -, aq) and (f3, 132,... ., 1q) range over R and k is specified by (16).
 We proceed to describe the matrix A of Theorem 3 in sufficient detail to enable us to derive

 further results. Let us introduce n variables Xi, X2,.. ., Xn and define matrices VI, V2,..., Vq as
 follows. Let V1 be the mi x mi circulant matrix in which the sth component of the first row is Xs, for
 s = 1, 2,..., mi. Suppose Vi has been defined as a matrix of size u x u where u = m1m2... mi, the sth
 component of the first row of Vi is Xs for s = 1, 2, .. ., u, and various permutations of the components

 of the first row of Vi yield the other rows of Vi. To define Vj+i when i <q, set v = mi+,; for
 j = 1, 2, .. ., v, let Wiq be the u x u matrix obtained from Vi by the replacement of Xi, X2, .. ., Xu in Vi
 with

 Xl+(i l,u, X2+0 -l)uX., Xu+('-l)u;

 form the v x v block-circulant matrix whose first row is

 (Wil, Wi2,., Kiv);

 and, let Vi+i be the resulting matrix of size w x w, with w = uv, in which the sth component of the first
 row is Xs, for s = 1, 2, . . ., w. We find that various permutations of the components of the first row of

 Vi+1 yield the other rows of Vj+1. If i + 1 < q, then the procedure is repeated.

 THEOREM 4. The matrix A of Theorem 3 results when o-(g1), 0-(g2), ..., o-(gn) are substituted for

 Xi,X2,...,XninVq.

 Proof. For i = 1, 2, . . ., q, set ui = mIm2... mi and let Gi be the subgroup of G generated by
 {h1, h2, .. ., hi}. Then, the order of Gi is ui and the elements of Gi are the first ui of the elements
 gl, g2,...,gn from (16).

 For i = 1, 2, ... , q, let Ti be the array of size ui x ui in which the (r, s) component is gT 1 gs for
 r = 1, 2,..., ui and s = 1, 2, . . ., ui. We shall establish that the (r, s) component of Ti is gk if and only if
 the (r, s) component of Vi is Xk.

 The (r, s) component of T, is (h )-lhl-1 = h Since T, has the pattern of an mi x mi circulant
 matrix, the statement about Ti and Vi is true for i = 1. Suppose it to be true for a particular integer i

 with i < q. Set h = hi+ and m = mi+,. The array Tj+j is represented in block form by

 Ti Tih ... Tihm

 Th m-l T . . Tihm-2 Thm T. ...

 Tih Tih2 ... Ti

 where Tihi is the array obtained from Ti when each component of Ti is multiplied by hi. With (16),

 the supposition for Ti, and the definition of Vi+,, we conclude: the (r, s) component of Ti+, is gk if and
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 only if the (r, s) component of Vi+1 is Xk. Thus, the statment about Ti and Vi is true for i = q.
 Since the (r, s) components of T1 and A are g,2 g. and oJ(g, gs), the matrix A results when, for

 k = 1, 2,..., n, Xk is replaced in Vq by oJ(gk). This completes the proof.

 We now illustrate Theorems 3 and 4 in the case where G is the Klein four-group. Here, we have

 n = 4, q = m= M2= 2, gl = e, g2= hi, g3 = h2, g4= h=h2,

 Vl XI X21 Wii [XI X21 W12 = [X3 X41

 XI X2 X3 X4 a1 a2 a3 a4

 X2 XI X4 X3 a2 a, a4 a3

 X3 X4 XI X2 a3 a4 a, a2

 X4 X3 X2 XI a4 a3 a2 a,

 where ai = u(gi), for i = 1,2,3,4. From (17), we obtain the formula

 det (XI -A) = H (X -(a, + a2pI+a3p2+a4pIp2)),
 (p)

 in which (pI, P2) ranges over (1,1), (-1,1), (1, - 1), and (- 1, - 1). In [3], the matrix A was used to
 derive formulas for the roots of a quartic equation. Circulant matrices served a similar purpose in [1]
 and [2].

 For a cyclic group G of order n, where q = 1 and ml = n, the G-matrix A of Theorem 3 is
 circulant and a well-known formula for its determinant results from (19) or (20).

 References

 [1] R. Chalkley, Cardan's formulas and biquadratic equations, this MAGAZINE, 47 (1974) 8-14.

 [2] , Circulant matrices and algebraic equations, this MAGAZINE, 48 (1975) 73-80.

 [3] , Quartic equations and tetrahedral symmetries, this MAGAZINE, 48 (1975) 211-215.

 [4] S. Lang, Algebra, Addison-Wesley, Reading, Massachusetts, 1965, pp. 209, 467-468.

 [5] C. C. MacDuffee, An Introduction to Abstract Algebra, Wiley, New York, 1950, pp. 72-77.

 [6] 0. Schreier and E. Sperner, Introduction to Modern Algebra and Matrix Theory, Chelsea, New York, 1959,

 pp. 260-271.

 Divide et impera

 If it were always necessary to reduce everything to intuitive knowledge, demonstration

 would often be insufferably prolix. This is why mathematicians have had the cleverness to

 divide the difficulties and to demonstrate separately the intervening propositions. And there
 is art also in this; for as the mediate truths (which are called lemmas, since they appear to be

 a digression) may be assigned in many ways, it is well, in order to aid the understanding and
 memory, to choose of them those which greatly shorten the process, and appear memorable

 and worthy in themselves of being demonstrated.
 GOTTFRIED WILHELM LEIBNITZ
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A Direct Attack on a Birthday Problem 

SAMUEL GOLDBERG 
Oberlin College 

In a recent article in this MAGAZINE, Nymann [3] computed the probability P(n, k) that in a group 
of n people at least one pair have the same birthday with at least one member of such a pair among 
the first k people. After presenting a table for k (n), the smallest value of k for which P(n, k ) ' 1/2, he 
concludes with the conjecture that "the last entry in the table [k(254) = 1] seems to show that it takes 
at least 254 people before the expected number of [different] birthdays represented is 183." (Of 
course, the number 183 is at least half of all possible birthdays in the assumed 365-day year.) 

The truth of Nymann's conjecture is easily established from well-known formulas [1, p. 239, 
Exercise 17; p. 493]. Nevertheless, it may be of interest and pedagogically useful to see how the 
relevant results can be developed from first principles so they become accessible to beginning students 
of probability. That is the purpose of this note. 

We adopt the standard assumptions for the now well-known birthday problem. (See Feller [1, p. 
33] or Mosteller [2, p. 46] for statements and solutions of the basic problem.) Let Xn denote the 
number of different birthdays among n people. Our first task is to develop a formula for E(Xn), the 
mean or expected value of the random variable Xn. It will then be easy to verify the conjecture that 
n = 254 is the smallest value of n for which E(Xn)-> 183. 

Although it is often not the preferred method of attack (see below), beginners are taught to find 
the mean of a random variable directly from its probability distribution. Moreover we have here an 
example where the classroom technique of "experiment with small numbers and see if a pattern can 
be guessed" turns out to be particularly appropriate. So we proceed by first obtaining the probability 
distributions of the random variables Xn for n = 1, 2, 3, 4. These are presented in TABLE 1 and it will 
suffice to illustrate how to compute a couple of entries, say P(X3= 2) and P(X4 = 3). When n = 3, 
there are three patterns in which we can have two different birthdays (xxy, xyx, yxx) and each of these 
occurs (365)(1)(364) times among the (365)3 possible equiprobable orderings of three birthdays. 
Dividing gives the tabular entry for P(X3= 2). Similarly, to determine P(X4= 3) we note that there 

Value of Xn 

1 2 3 4 

X2 3641 364 
365 365 

1 3(364) (364)(363) 
(365)2 (365)2 (365)2 

1 7(364) (6)(364)(363) (364)(363)(362) 
(365)3 (365)3 (365)3 (365)3 

Probability distributions of the number X, of different birthdays among n people. 

TABLE 1 
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are six patterns (xxyz, xyxz, xyzx, yxxz, yxzx, yzxx) in which n = 4 persons can have three different 
birthdays and that each of these occurs (365)(1)(364)(363) times among the (365)4 possible orderings of 
four birthdays. Using the distributions in TABLE 1 and the definition of mean value, we simplify the 
resulting fractions by writing 364 as (365 - 1), 363 as (365 - 2), etc, to obtain the following suggestive 
results: 

E(Xl)= 1 

E(X2) =2- 
36 1 

E(X3) = 3- 36 + 1 6)2 365 (365) 

6 4 1 
E(X4) = 4 -365 (365)2- (365)3 

In no class over a number of years has there been any failure to "see" the pattern here, that we have 
alternating terms and binomial coefficients. The generally accepted "guess" is, of course, that 

E (Xn ) =E(1 ) (1 k 7: l 
k=1 (365)k 

Rewriting by adding and subtracting the missing k = 0 term and then factoring (365)n-1 from the 

denominator of each term, we have E(X,) = (365)1n [(365)n - k (k) (- l)k(365)nk] = 

(365)1-n[(365)n-(365-1)n ]. Hence our "guess" becomes the simple formula 

E(Xn) = 365-(364)n/(365)n-I (n = 1, 2, 3 .. ). 

Finding the smallest value of n so that E(Xn)?> 183 is equivalent to finding the smallest n for which 
(364/365)-' 1/2. Turning to a table of common logarithms, we quickly find that n = 254, as 
conjectured. (See Mosteller [2, p. 48] for a solution to the very closely related "birthmate" problem.) 

To be complete, our classroom unit requires only that the "guessed" formula for E(Xn) be proved 
correct. This we do most simply by first noting that each day is somebody's birthday or nobody's 
birthday. It turns out to be easier to focus on the birthdayless days. Define the random variables Yk to 
have the value 1 if day number k is the birthday of nobody among the n people under consideration, 
and to have the value 0 otherwise, for k = 1, 2, ... , 365. The total number of birthdayless days is then 
the sum (YI + Y2 + + Y361). Since for each k 

E(Yk) = P(Yk = 1) = (364/365) n 

the expected number of birthdayless days is 365(364/365)n. Subtracting this from 365 yields the 
expected number of different birthdays among n people and completes the proof that our formula for 
E(Xn) is correct. And this demonstration allows one final point to be made as the bell rings: that one 
can often most efficiently compute the mean value of a random variable without ever knowing its 
probability distribution. 

References 

[1] W. Feller, An Introduction to Probability Theory and its Applications, vol. 1, 3rd edition, Wiley, New York, 
1968. 

[2] F. Mosteller, Fifty Challenging Problems in Probability with Solutions, Addison-Wesley, Reading, Mass., 
1965. 
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 Distribution of Orders of Abelian Groups

 JONATHAN M. KANE

 University of Wisconsin

 In a recent paper, Gallian [1] gives an account of some computer related projects in group theory.

 In one of these projects a study was made (see TABLE 1) to determine, for each integer k, the

 percentages of integers in a given interval which are orders of exactly k Abelian groups. For example,

 the data in Table 1 shows that in the interval from 50001 to 50500, 19.80% of the integers correspond

 to orders of two non-isomorphic Abelian groups while 2.00% correspond to orders of six non-

 isomorphic Abelian groups. One quickly notices that the percentages in TABLE 1 are, to a large

 extent, independent of the interval of integers analyzed. The purpose of this paper is to explain this

 occurrence.

 No. of 1- 50001- 500001- 500001- 900001- 999001-

 groups 10000 50500 505000 550000 901000 1000000

 1 60.83 61.00 60.82 60.80 60.90 60.80

 2 20.08 19.80 20.04 20.06 19.90 19.70

 3 7.44 7.20 7.38 7.42 7.70 7.70

 4 2.20 2.20 2.22 2.23 2.40 2.30

 5 3.21 3.40 3.20 3.20 3.00 3.20

 6 1.46 2.00 1.42 1.45 1.20 1.60

 7 1.51 1.60 1.50 1.47 1.60 1.40

 8 0.08 0.00 0.14 0.10 0.10 0.10

 9 0.22 0.20 0.28 0.22 0.30 0.10

 10 or 2.97 2.60 3.00 3.05 2.90 3.10

 more

 Percentages of integers in given ranges that are the order of the given number of distinct Abelian groups.

 TABLE 1

 The number of Abelian groups of a given order can easily be determined by applying the

 fundamental theorem of finite abelian groups [2, Sec. 214]: if r = peIpe2pe3 * pe. where the pi's are
 distinct primes, the number of Abelian groups with order r is g(r) = a(e1)a(e2)a(e3) a(e,), where
 a(e) is the number of ways e can be written as the sum of positive integers. Some values of the
 function a (often called the partition function) are given in TABLE 2.

 The question posed by Gallian's paper can now be restated in number theoretic terms: For a given
 integer k, what percent of the integers in a given interval satisfy the equations g(r) = k? Letting Z be

 the set of positive integers, define Ak = {r E Z: g(r) = k}. To answer the preceding question we will,

 e: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

 a (e): 1 2 3 5 7 11 15 22 30 42 56 77 101 135 176 213 297 385 490 627

 Number of ways, a (e), of writing the positive integer e as a sum of positive integers.

 TABLE 2
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 for convenience, analyze Ak as a whole rather than over finite intervals. To do this, we introduce the
 following concept of density. If X C Z, let N(X, n) be the number of elements in X less than or equal
 to n. Then define the density of X to be D(X) = limn- N(X, n)/n if the limit exists. Now let us
 consider the density of the sets Ak.

 From the definition of g(r), it is clear that g(r) = 1 if and only if no prime appears more than once

 in the prime factorization of r. For g(r) to equal 2, exactly one prime factor of r must be repeated. One
 can use TABLE 2 to construct in this manner the solution sets for g(r) = k for any k; see TABLE 3. It
 follows from this table that, for example, 23.32.5.13 is an element of A6 and 32.7 112.192.23 is an element

 of A,. The structure of Ak may vary from trivial (e.g., A13 is empty) to complex. For example, since
 30 = a(9) = a(2) a(3) a(4) = a(2) a(7), an element is in A30 if it has exactly one prime repeated nine
 times, or if it has exactly one prime appearing twice, another appearing 3 times, and a third appearing

 four times, or again if it has one prime appearing twice and another seven times.

 k Description of the elements of Ak

 1 No prime factor can be repeated.

 2 Exactly 1 prime factor must appear twice.

 3 Exactly 1 prime factor must appear 3 times.

 4 Exactly 2 prime factors must appear twice each.

 5 Exactly 1 prime factor must appear 4 times.

 6 Exactly 1 prime factor must appear twice and a second must appear 3 times.

 7 Exactly 1 prime factor must appear 5 times.

 8 Exactly 3 prime factors must appear twice each.

 9 Exactly 2 prime factors must appear 3 times each.

 10 Exactly 1 prime factor must appear twice and a second must appear 4 times.

 11 Exactly one prime factor must appear 6 times.

 12 Exactly 2 prime factors must appear twice each and a third must appear three times.
 13 A13 is empty since 13 is a prime that is not ca(e) for any e.
 14 Exactly 1 prime factor must appear twice and a second must appear 5 times.

 Criteria that an integer be in Ak, the set of integers n such that there exist exactly k Abelian groups of order n.

 TABLE 3

 Beginning now with A1, if Pi= r E Z: p2J r} where pi is the ith prime, A = Z -UezP=
 nifz(Z - Pi). It is clear that the density of Pi = D(Pi) = lp2 and that D(Z - Pi) = 1 - l/p2.
 Intuitively it seems that D(Al) = iz (1 - l/pi) but one needs a couple of lemmas to make this
 rigorous.

 LEMMA 1. D (X U Y) = D (X) + D ( Y) - D (X n Y) when any three of these terms exist.

 Proof. Clearly, N(X U Y, n) = N(X, n) + N(Y, n) - N(X nY, n) so

 D(XU Y)= lim N(X U Y,n)/n
 n --,,o

 = lim N(X, n)/n + lim N(Y, n)/n - lim N(X n Y, n)/n
 n -- o n -- o n--+o

 = D(X) + D(Y)- D(X n Y).

 The sets Pi, P2, P3, ... are in a sense independent in that each Pi is a set of multiples of a p2 and the

 pi's are relatively prime. This allows the Pi's to satisfy the hypothesis of the next lemma.
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 LEMMA 2. Let {Xi } be a sequence of subsets of Z. If the Xi 's have the property that for any m E Z

 D(jYm u nfXm+) =D D(UYm D(Xm+,),

 then for any m E Z

 D (U X,) = 1H- jim [1-D(Xj)].
 j'<m

 Proof. This is trivially true for m = 1. Assuming that

 D (U X,) = 1-HI;1m [1-D(Xj)],

 apply Lemma 1 to get

 D( U X,) = D(U X) + D(Xm+)-D[u XifnXm+i]
 j:S m + 1 j c5m j:5m

 = 1H-jI;m [1-D(Xj)] + D(Xm+)-D (YU Xj) D(Xm+l)

 = 1- fIjm+1[1-D(Xj)].

 Thus the lemma is proved by induction.

 Another important property of the Pi's is that for each n E Z, N(Pi, n) = [n/p2] _n/p so
 N(Pi, n)/n-C lIpi for all n. Thus, since ZiEz lIp/ converges, this will allow the next lemma to be
 applied to the sequence {Pi}.

 LEMMA 3. Let {Xi} be a sequence of subsets of Z. If for each i E Z there is an si such that
 Si ' N(Xi, n)/n for all n and liEzsi < oo, then D(UiEzXi) = limj1D(Ui,,Xi).

 Proof. Let Y1 = X1 and Yi+1 = Xi+, - U ci Xj. Then the Yi's are disjoint and Lemma 1 shows that

 D(Ui,jXi) =Y.i,D(Yi). Since Zi,:D(Yi) is bounded by 1, ZijzD(Yi) converges. Thus
 limj ooD(U iiX) = = SiEZ limn. oN(Yi, n)/n. Now si ' N(Xi, n)/n ' N(Yi, n)/n for all
 n, so the dominated convergence theorem [3, Sec. 1.34] can be applied to obtain

 lim D tU X) = lim zN(Y, n)/n = lim N (U Yi,n)/ n=D U Xi) i *CO i'j n c n c iez iez

 Now since A1 = Z- UizPi, D(A1)= 1- D(UiEzPi). Applying Lemmas 2 and 3 to
 D(UijzPi) yields

 D(U Pi)= limD(U Pi) =im[l-Q (1 -l/P,)] = -rl(1-llpi,.

 As was cleverly shown by Euler [4, Sec. 9.11] D(A1) = fliEz(1 - llp)= iEZ 1/i2) = 6/XT2 which is
 approximately 60.793%. This corresponds very nicely with the data from the first row of TABLE 1.

 D(A1) can obviously be approximated by computing N(A1, n)/n for large n. Also, since D(A1) in the
 limit does not depend on the behavior of A1 in any finite interval, any interval (not just those

 beginning with 1) can be used to approximate D(A1). Since the product liz (1 - llp 2) converges
 rapidly, the approximations of D(A1) made by taking averages over long intervals such as those in
 TABLE 1 end up being sharp approximations and, therefore, the averages are, to a large part,

 independent of the intervals.

 D(A2) is only slightly more complicated to calculate than D(A1). By TABLE 3, the elements in A2
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 the given integers are either all even or all odd. Then if they are all even they may be divided by 2
 while if they are all odd they may be increased by 1 without destroying the property of the problem.)
 In generalizing the problem, we developed a different proof which is an interesting application of

 linear algebra. We begin with two generalizations of the problem, which we prove by means of a
 lemma concerning matrices. Then we state and prove a further generalization as our main theorem.

 GENERALIZATION 1. Let Xl, X2,. . . , X2,n+ be complex numbers such that, if any one of them is
 removed, those remaining can be divided into two sets of n having equal sums; then Xl = X2 = =

 X2n+1l

 GENERALIZATION 2. Let x, X2, ... , X2n be complex numbers such that, if any one of them is removed,

 those remaining can be divided into two sets having equal sums; then Xl = X2 = ' X2n = 0.

 LEMMA. If A is an n by n matrix having zeros on the main diagonal and all ? l's off the diagonal,
 then A is nonsingular if n is even and the rank of A is at least n - 1 if n is odd.

 Proof. In the expansion of det A, each term is 0, 1 or - 1 and the number, dn, of nonzero terms in
 the expansion is the number of permutations of order n which leave no element fixed. Such

 permutations are commonly called derangements and it is well known [1, p. 31] that di, = 0, d2 = 1 and
 dn+2 = (n + 1)(dn + dn+1) for n ' 1. It follows inductively that dn is even for n odd and dn is odd for n
 even. Thus if n is even, det A 7M 0 while if n is odd, each principal submatrix of A of order n - 1 has a
 nonzero determinant. This completes the proof of the lemma.

 Proof of 1. Let x = col((xi, x2, , x2n+1) and let A be a 2n + 1 by 2n + 1 matrix having zeros on
 the main diagonal and exactly n entries equal to 1 and n equal to - 1 in each row. Then the
 components of a solution vector x of Ax = 0 satisfy the hypotheses of Generalization 1. Since
 xo = col(1, 1, ..., 1) is one such solution vector, A is singular and by the lemma, A has rank 2n. Thus
 all solutions are of the form x = cxo = col(c, c, . . ., c).

 Proof of 2. Let x = col(x1, x2, . . ., x2n) and let A be a 2n by 2n matrix with zeros on the main
 diagonal and ? l's off the diagonal. Then A is nonsingular by the lemma and hence Ax = 0 has only
 the trivial solution x = 0.

 THEOREM. Let k and n be positive integers satisfying n > 2 and 1 ? k - n - 2.
 (a) If n - k = 2m, an even integer, and Xl, X2, .. . , Xn is a sequence of complex numbers such that, if

 any k of them are removed, those remaining can be divided into two sets of m having equal sums, then

 Xi1 = X2 = . = Xn.

 (b) If n - k = 2m + 1, an odd integer, and xi X2, ... , Xn is a sequence of complex numbers such that,
 if any k of them are removed, those remaining can be divided into two sets having equal sums, then

 Xi = X2 = . = Xn = 0.

 Proof. The theorem is true for k = 1 by 1 and 2 above. Now proceed inductively on k, assuming
 the theorem true for k = 1, 2, .. ., K - 1 < n - 2. First suppose n - K = 2m in which case we are to

 establish (a) for k = K. Let xi and xi be any two designated elements of the sequence with i j.
 Remove any K - 1 elements of the sequence but leave xi and xj (this is possible since n - K + 1 - 3).
 Then we are left with a sequence of length 2m + 1 satisfying the hypotheses of 1 and hence xi = xj.
 Thus xl = x2 = = xn. Similarly if n - K = 2m + 1 we must establish (b) for k = K. Again, remove
 K - 1 elements of the sequence but this time leave some designated element xi. The remaining
 sequence of length n - K + 1 = 2m satisfies the hypotheses of 2 and hence xi = 0. Thus xi = x2 - -
 Xn = 0.

 Reference

 [1] H. J. Ryser, Combinatorial Mathematics, MAA Carus Monograph No. 14,1963.
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Solid Polyomino Constructions 

SCOTT L. FORSETH, student 
Oak Grove Junior High School, 
Clearwater, Florida 

A plane polyomino of order n is defined by 
Solomon W. Golomb [4] as a set of n congruent 
squares that are simply connected, edge-to-edge. 
A three-dimensional, or solid, polyomino of 
order n is a set of n congruent cubes that are 
simply connected, face-to-face. These are easily 
made by gluing like cubes together in all permis- 
sible patterns. No formula has been discovered 
which gives the number of different polyominoes 
of order n, plane or solid. The solid ones of 
orders one to five are shown in FIGURE 1, each 
being identified by a number. The set contains 41 
pieces and a total of 186 individual or unit cubes. 

Martin Gardner has discussed polyominoes in 
his Mathematical Games section of Scientific 
American and also in each of his three books [1, 
2, 3]. Chapters thirteen in [1] and [3] are con- 
cerned with plane polyominoes. Chapter six in [2] 
deals with the well-known Soma cube of Piet 
Hein consisting of the pieces numbered 4, 6, 7 
and 9-12 in FIGURE 1. Gardner points out that 
there are more than 230 essentially different ways 
of stacking these pieces in a 3 x 3 x 3 cube (or 
simply, a 3-cube) but to date no one knows 
precisely how many. 

A similar cube occurs in Steinhaus [5, p. 168] 
where pieces numbered 6, 11, 12, 30, 33 and 40 
are used. It is easy to prove that there are just 
two solutions to the Steinhaus cube. The 30 and 
the 40 go together successfully in just one way. 
Then the 33 has only two possible positions after 
each of which the positions of 6, 11 and 12 are 
uniquely determined. 

Steinhaus remarks: "Two pieces are con- 
gruent by symmetry. (Was it possible to avoid 
it?)". He refers to numbers 11 and 12. We do not 
know his answer but it is certainly possible to 
avoid using either 11 or 12. Indeed, a 3-cube can 
be constructed using, in addition to the four 
polyominoes 6, 30, 33, 40, any of the pairs 8, 11 or 
8, 12 or 9, 11 or 9, 12 or, for that matter, 

Y T1Z~~~~~ZZ~~~IflT 1 2 3 4 5 

6m 7 a mm8g3 9m 

L 3 W0E block on top 

Symmetric 
Pairs 

13 14 U 

through five. They use2atol6 ut c : 9 L6 
24 26 27 X 

four2trivial polyommnesr (Nos. 31-4 of order 32rin Pairs~ ~ ~~~~~Par 

te29 poyoin9 (Ns3 34)o0odrfv.N 

4 L X~~~~~~Pairs t 

33 34 35 36 37 38 

this pattern.Z _> is indicates that 
FIGURE 1 _$ _the cube containing 

ffi Symmetric ; 41 ~~~~~~~~the affowhead is 
SyPmticrs connected to the 

39 40 upper cube 

Representations- of all polyominoes of orders one 
through five. They use a total of 186 unit cubes: 9 in the 
four trivial polyominoes (Nos. 1-4) of orders 1-3; 32 in 
the eight polyominoes (Nos. 4-12) of order 4; and 145 in 
the 29 polyominoes (Nos. 13-41) of order five. No 
general formula is known that permits easy extension of 
this pattern. 

FIGURE 1 
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two 1 l's or two 12's. It is remarkable that, in the last two cases, the configuration of the 6, 30, 33 and 40 
is the same. That is, two ll's and again two 12's can be placed in congruent arrangements so as to fill 
the same space. This space can be visualized easily by placing the 15 flat on the table with the "extra" 
unit cube protruding from the unit cube in the northwest corner of the square and then covering the 
southwest, northwest and northeast cubes of the square with the 4. 

Many 3-cubes can be formed by choosing various combinations of the polyominoes of orders one 
to five. The following seem to be of special interest. We discard (by necessity) the number 5 piece and 
note that the remaining seven polyominoes of order four contain a total of 28 individual cubes. To 
reduce this number to the required 27 we substitute either number 3 or 4 for one of the seven 
numbered 6-12. Since there are two ways of choosing a three and seven ways of discarding a four, 
there are fourteen cases altogether. Thirteen of them stack into a 3-cube. One case is impossible: 
numbers 3, 6 and 8-12 cannot be assembled into a cube. 

Other questions arise. Is it possible to build a 4-cube using only polyominoes of orders four and 
five? There are just two ways of getting the necessary 64 unit cubes: (a) by using one of order four 
(eight cases) and the other twelve of order five and (b) by using six of order four (28 cases) and the 
other eight of order five. All thirty-six cases are possible, each in several ways. Or again, is it possible 
to construct a 5-cube using only polyominoes of order five? The answer is yes and in many ways. 

There are some interesting constructions involving parallelepipeds. If we discard six of the 186 
total unit cubes, there remain 180 = 22 x 32 x 5. There are many ways to remove polyominoes with a 
total of six unit cubes. We handicapped ourselves in trying to stack a 4 x 5 x 9 by discarding the 1, 2 
and 3 which are the simplest to fit in. The handicap was too great and we were unsuccessful. But we 
were able to construct two different ones by discarding the 2 and 8 and another by discarding the 1 and 
28. We did not consider other arrangements of the factors of 180 but we did investigate the 2 x 3 x 5 
parallelepipeds using just the prime factors and omitting the 1, 2 and 3. They can be made with six 5's 
but the more interesting case uses two 5's and five 4's. The two 5's can be selected in 406 ways and the 
stacking is possible in each! 

2 3 433 2 -4 E D 24 g B 1U B I37 7 7 7Z 34 34 3 3 0 13 13 13 13 15 14 4 0 e 3 

\,B ? ?5 | ? 0 5 32 20 02 22 11 2937 373 2 5 I2 41 413a38 ED302 21 1 19 33 33 33318 
31_ 

31 

Bottom Layer Exposed 

4\3 4\3 \2 1) \2 2\2 e \eB210\10\17 717 73 4\3 19119141414103931 

\J;0 O AO~~ -\2 1380z\2 2\n1 \ -\93 -\3 -\5EB2 71\1\3E \3E \E \3 2 \ED2 1\21\1 -\33\g3 -\3 3 831 

a a 32 20 22 2 11 E2937 37 25 25 25 41 41 3633 19 30 28R1 21 19 33 33 33 i s31 31 

An arrangement of all 41 polyominoes of order one through five in a rectangular block of size 2 x 3 x 31 = 186. 

FIGURE 2 

If we discard four unit cubes, there remain 182 = 2 x 7 x 13 and we built one omitting the 8. By 
discarding the 2 we get 184 = 23 x 23 and we made a 2 x 4 x 23. 

But the case of maximum interest, and difficulty, uses all polyominoes of orders one to five. After 
many trials we found a 2 x 3 x 31 (= 186); see FIGURE 2. Indeed we made two, so the problem does not 
have a unique solution. 

The author wishes to acknowledge the encouragement and guidance of Cletus Oakley of Haverford College in 
the preparation of this paper. 

References 

[1] Martin Gardner, The Scientific American Book of Mathematical Puzzles and Diversions, Simon and 
Schuster, New York, 1959. 

138 MATHEMATICS MAGAZINE 

This content downloaded from 128.235.251.160 on Tue, 27 Jan 2015 12:23:28 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


[2] Martin Gardner, The Second Scientific American Book of Mathematical Puzzles and Diversions, Simon and 
Schuster, New York, 1961. 

[3] , New Mathematical Diversions from Scientific American, Simon and Schuster, New York, 1966. 
[4] Solomon Golomb, Polyominoes, Charles Scribner's, New York, 1965. 
[5] Hugo Steinhaus, Mathematical Snapshots, Oxford University Press, New York, 1969. 

Continuity of Coordinate Functionals 

PAUL MILNES 
University of Western Ontario 

Let V be an n-dimensional normed linear space over the complex numbers and let 
x1, x2,... , xI} C V be a basis for V. Then, for each i, 1 ? i 'n, the coordinate functional, f 

corresponding to x,, which is defined for x = In a,x, E V by f (x)= a,, is continuous. It is natural to 
ask for an analogue of this result in infinite dimensional normed linear space, and one is known. Let V 
be a Banach space with a Schauder (or topological) basis {xn} =1: each x E V has a unique 
representation x = 21 anXn, the series converging in V. (Many Banach spaces are known to have 
Schauder bases; however Enflo [2] has recently constructed a separable infinite dimensional Banach 
space which does not have a Schauder basis.) Then the coordinate functionals f,(x) = fi (X1 anxn) = a' 
are continuous (see [3; 9.6, p. 115], for example). 

One might wonder about a similar result using a Hamel (or algebraic) basis instead of a Schauder 
basis. Bronson and Steiner [1] have shown by specific example that a Hamel basis coordinate 
functional can be discontinuous. We now show that discontinuity of such functionals is not unusual. 
Let V be a Banach space with Schauder basis {Xn} and extend {xn} to a Hamel basis {Xnl U {y-b}liei: 
each x E V has a unique representation x = I bnXn + I b.,x., where only a finite number of the bn 'S 
and br,'s are non-zero. It follows from the density in V of the linear span of {xn} that no coordinate 
functional corresponding to any of the ye's can be continuous. And the (Hamel basis) coordinate 
functional corresponding to an xm will be continuous if and only if a.,m in the Schauder basis 
expansion ye = I ay,n xn is zero for all y E I. For, when this latter condition holds, the Hamel basis 
coordinate bm of x E V is the same as its Schauder basis coordinate am, and is a continuous function of 
x. And if ye = ay,mxm +X/ma ,nXn with a,m /O, then {ay,mxm + E ka nXn}k =m+1 gives a sequence 
converging to ay,mxm whose members all have Hamel basis coordinate bm equal to zero, while ay,mxm 
has that coordinate equal to a,m, which is not equal to zero. 

(If V = t', xi = (1, 0, 0,... ) E e, and yk = (lOk, lIk, llk2, lk3, ...) El, k = 2, 3, 4, . . ., one can see 
that the set {X1, Y2, Y3, y4, . .. } is linearly independent in L, and hence can be extended to a Hamel basis 
X for fi, and that the Hamel basis coordinate functional corresponding to x1 is not continuous. This is 
the example of Bronson and Steiner in [1]; the discontinuity of the functional can be demonstrated 
using the methods outlined above at least if Ye is assumed to contain the remaining members of the 
usual Schauder basis for e,, namely, {(0, 1, 0, o, ... ), (0, 0,1, 0, 0, ... ), ... }.) 

Thus, one can have a Hamel basis with any finite number of coordinate functionals continuous and 
all the others discontinuous. 
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nth Root Groups 

ROBERT E. KENNEDY 
ROBERT W. BUSBY 
Central Missouri State University 

We say that an element a in a group G, written multiplicatively with identity e, has an nth root if 
there is an x in G such that Xn = a. If, for a given positive integer n, every element of G has an nth 
root we call G an nth root group. A little experimentation with examples will show that an nth root 
group need not be an mth root group if m n. The purpose of this paper is to give some conditions 
which, for a given n, imply that a group is an nth root group. For finite groups the situation is, as we 
shall see, fairly simple and well known. For infinite groups, however, satisfactory criteria are much 
more difficult, especially for nonabelian groups. 

The following proposition completely characterizes finite nth root groups. It is probably well 
known to most mathematicians (for instance, condition 4 of Proposition 1 is Theorem 2 of [1]), and its 
proof uses techniques which are available to the beginning student of group theory. For completeness, 
however, we will include an outline of its proof. 

PROPOSITION 1. The following statements are equivalent for a finite group G of order r. 
(1) G is an nth root group. 
(2) If xn = ynf, where x and y belong to G, then x = y. 
(3) If xn = e, where x belongs to G, then x = e. 
(4) The order of G and n are relatively prime. 
(5) For each positive integer t, and each a E G, there exists x E G such that 

a =(x) 

.Proof, Define f: G -> G by f(x) = xn. Then f is a mapping which is onto if G is an nth root group, 
and thus also one-to-one since G is a finite set. Hence whenever x n = y n, it follows that x = y. So (1) 
implies (2), and (2) obviously implies (3). To see that (3) implies (4) let p be a prime integer which 
divides both n and r, so n = pt. Since p divides r, by the first Sylow theorem there exists y7 e in G 
such that yP = e, and in turn yn = (yP)t = e, a contradiction. Thus there cannot exist a prime which 
divides both n and r, i.e., n and r are relatively prime. Letting t = 1 we see that (5) implies (1) so it 
remains to show that (4) implies (5). Now if n and r are relatively prime, there exist integers u, v such 
that un + vr = 1. Therefore if t is any positive integer, it follows that 1 = lt = (un + vr)t = (un)t + kr = 
u tnt + kr for some integer k. Thus since ar = e for any a in G, 

a = a(utnt+kr) = (aut)nt 

for each positive integer t. Set x = au' and see that (4) implies (5), completing the proof. 

It is necessary that the order of G be finite with respect to conditions (2) and (3) of Proposition 1. 
For example, consider the group of nonzero complex numbers C under ordinary multiplication. Each 
element in C has n distinct nth roots for each positive integer n. Thus conditions (2) and (3) fail to 
hold even though C under multiplication is an nth root group. In the case of a finite nth root group, it 
should be pointed out that condition (2) of Proposition 1 states that each element has a unique nth 
root. 

Let x be an element of a finite nth root group G. Then a sequence xo, x1, ..., x,.... of elements of 
G may be generated by taking successive nth roots of x, i.e., xo = x and for each positive integer m, 
xm= Xm-i. The se0t of elements which make up this sequence will be denoted by N(x). (The finiteness 
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of G is important here to guarantee the uniqueness of each successive nth root.) Since N(x) has a 
finite number of elements we may write N(x) = {xo, x,.. , Xk- where Xk = x, for some integer t such 
that 0-? t < k. Hence by taking successive nth powers, we have that Xk, = xo. But this implies that 
t = 0, and so Xk = x. Thus 

(x)nk = X 

and it follows that the order of x divides nk - 1. We may summarize this in the following result: 

PROPOSITION 2. Let x be an element of a finite nth root group G. Then N(x) has k elements if, and 
only if, k is the smallest positive integer such that the order of x divides n k _ 1. 

The results so far depend on the finiteness of G. We can obtain a different criterion (Proposition 3) 
for G to be an nth root group in terms of the following two subsets of G: Gn = {xn I x E G} and 
E = {x E GIxn = e}. This criterion permits of extensions to the infinite case. In particular it holds 
unaltered (Proposition 4) for the infinite abelian case and applies in general with a technical 
modification (Proposition 5). 

PROPOSITION 3. Let G be a finite group. G is an nth root group if, and only if, Gnis an nth root group 
and E C Gn. 

Proof. The "only if" follows immediately since G = Gn when G is an nth root group. To prove the 
converse, let r be the order of G. Assume that there exists a prime integer p such that p divides both n 
and r. Then there is a y in G where y 4 e and yP = e. Hence yn = e and y E E. It follows then that 
y E Gn and we have that p divides n and the order of Gn. But by Proposition 1, this contradicts the 
assumption that Gn is an nth root group. We must conclude that no such prime p exists and that n and 
r are relatively prime. By Proposition 1, G is an nth root group. 

PROPOSITION 4. Let G be an abelian group. G is an nth root group if, and only if, Gn is an nth root 
group and E C Gn. 

Proof. Assume that Gn is an nth root group and E C Gn. Let x E G. Then xn E Gn and there 
exists y E Gn such that x = yfl Since G is abelian it follows that (xy1)n = e and so xy1 E E. 
Therefore there is a z E G such that xy-1 = zn, and we have that x = zny = zntn = (zt)n where 
tn = y. Hence G is an nth root group. The "only if" is again clear since G = Gn when G is an nth root 
group. 

PROPOSITION 5. Let G be a group with the following properties: (1) Gn is an nth root group, (2) 
E C Gn and (3) (xy)n = xnyn for all x, y E G. Then G is an nth root group. 

Proof. In the proof of Proposition 4, replace the condition that G is abelian by condition (3). 

The converse of Proposition 5 fails to hold. For example, let G be the multiplicative group of 
nonsingular m x m matrices over the complex number field. G is a square root group but condition 
(3) is not true since G is not abelian. In addition, neither conditions (1) and (3) nor (2) and (3) are 
sufficient for a group to be an nth root group, as is shown by, respectively, the multiplicative group of 
nonzero reals, and the additive group of integers written multiplicatively. 

Although the above results are all accessible to a beginning student of group theory, we must 
admit that we have been unable to find a proof or a counterexample to Proposition 4 for the infinite 
nonabelian case. This we leave as an open problem. 
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A Strange Ultrametric Geometry 

GEORGE AKST 
New Mexico State University 

The main purpose of this paper is to answer a question raised by Dence in [2]. In that article, he 
defines a certain kind of metric, called an ultrametric, on the rationals Q and questions whether it can 
be extended to Q x Q, while still maintaining its special properties. We do just that in this article, 
creating thereby an unusual geometry that is very close to a model of Euclidean geometry in the sense 
that most of the Euclidean axioms are satisfied. However, it is quite different from the ordinary model 
of Euclidean geometry in many ways. Thus it shows that when attempting proofs in axiomatic 
geometries, one must not rely too much on 'common sense', but rather on straightforward deductions 
form the axioms and previous theorems. 

To construct our model, we need to introduce the concept of an ultrametric distance. Recall that a 
metric on S is a function d: SxS->[O,oo) such that for x, y, zES, (1) d(x,y)=O iff x=y; (2) 
d(x, y) = d(y, x); and (3) d(x, z) _ d(x, y) + d(y, z). Hence, on the real line R, ordinary distance (i.e., 
d(a, b) = la - b 1) is a metric. To get an ultrametric distance, we replace (3) by the condition (3') 
d(x, z) _ max(d(x, y), d(y, z)). The reader will easily notice that (3') is a strictly stronger condition 
than (3) and that the ordinary distance function on R is not an ultrametric. 

We now describe a particular ultrametric distance function on the set Q of rational numbers. 
Given x E Q, X7 0, write x = 2k(a/b) where a and b are odd integers. Then the exponent k is 
uniquely determined. We then define Ix 12 = (1/2)k and d(x, y) = x - y 12. If x = 0, then IX = 0. For 
example, if x = 5/12 = 2-2(5/3), then [x 12 = (1/2)-2 = 4. The verification that this function satisfies the 
ultrametric inequality can be found in [1]. 

(There is nothing special about the number 2 in this definition. Any prime number p will work: if 
x = pk(alb), where a and b are relatively prime to p, then we can define Ix |P = (1/p)k. And even this 
is a specific case in the general theory of ultrametric spaces. A nice discussion of some of these general 
abstract ideas can be found in [2].) 

Dence raised the question as to whether or not we can non-trivially extend this ultrametric to two 
dimensions. Let us first examine a few possible ways of extending, all of which fail. If A = (a,, a2), 
B = (b,, b2) E Q X Q, define D1(A, B) = d(al, b1) + d(a2, b2) and D2(A, B) = d(al, b1) (where d is the 
ultrametric distance on Q described above). Then both of the above functions fail to satisfy the 
ultrametric distance inequality; in fact D2 is not even metric. 

A more familiar way to extend a metric is exhibited by D3(P1, P2) = (d(pi, p2)2 + d(ql, q2)2)1"2. The 
reader will recognize that this is the same procedure as is used in extending the ordinary distance 
function on R to the Cartesian plane. Unfortunately, though D3 is a metric, it also does not satisfy the 
ultrametric inequality. To see this, let A = (1/2,1/2), B = (0, 1), C = (1/3, 2/3); then 

D3(A, B) =(d(112, )+ d(112, ,)2 V4+4= V8 

D3(B, C) = (d(0, 1/3)2 + d(1, 1/4)2)1 = 1+6 

D3(A, C) = (d(1/2, 1/3)2 + d(1/2, 1/4)2)l = 4 6 

Therefore, D3(A, C) 9 max(D3(A, B), D3(B, C)). 
A function on Q xQ which does satisfy the ultrametric inequality is given by D(A, B)= 

max(d(al, b1), d(a2, b2)). The function D clearly satisfies (1) and (2). To verify (3'), let A = (a,, a2), 
B =(b1,b2), C=(cl,c2)E Q x Q. Then 
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D(A, C) = max(d(a,, c,), d(a2, c2)) 
? max(max(d(a1, b1), d(b1, cl)), max(d(a2, b2), d(b2, C2))) 

- max(d(al, b1), d(b1, cl), d(a2, b2), d(b2, C2)) 

= max(max(d(a1, b,), d(a2, b2)), max(d(b,, cl), d(b2, C2))) 

max(d(A, B), d(B, C)). 

The unit circle in this geometry is rather interesting. It intersects the cooordinate axes at all 
rational points whose numerators and denominators do not contain a factor of 2 when expressed in 
lowest form. Elsewhere it contains all points of the form (a/b, cid), in lowest form, where a and c are 
not both even. Thus the "unit circle" is spread all over the plane and is in fact dense in the ordinary 
topology of Euclidean 2-space. 

In order to talk about a geometric model in the classical sense we must have at least points and 
lines, concepts that do not depend on the distance function. In our model, we let Q x Q be the set of 
points. But then we raise the question: what does a line in Q x Q look like? A natural idea is to define 
a line in Q x Q as the intersection of a line in R x R (which of course is {(x, y): y = mx + b, m, b E R } 
or {(x, y): x = b, b E R }) with Q x Q. However, the line y = x + \/2 has no solutions in Q x Q, and so 
we would not want to consider this as a line. Thus we would have to add to the above definition the 
qualification "provided this intersection is nonempty." Yet even this is not good enough, since the line 
y = 2 x has only one solution in Q x Q; we would not want to consider a single point as a line, since 
many geometries insist that a line contain at least two points. Thus we are led to the following 
definition: A line in Q x Q is the intersection of a line in R x R with Q x Q, provided this 
intersection contains at least two points. 

At first, this definition may sound very crude. But it turns out that a line defined in this manner 
must contain infinitely many points and in fact will be dense in the original line from R x R. To see 
this, let (p, q), (r, s) E Q x Q be two distinct points on the line. If p = r, then the equation of the line is 
given by x = r. If pi r, then the equation of the line is given by (y - p)I(x - q) = (s - q)/(r - p) or 

y=S -_q X (s - q(S 
r-p r-p 

Now that we have a suitable definition of a line, we can talk about parallel lines. We define two 
lines to be parallel if their intersection is void. One of the foremost questions one can ask about any 
geometry is whether or not it satisfies the parallel postulate; that is, through a given point not on a 
given line, is there a unique line parallel to the given line? One direction of this postulate is clear for 
our model. Since the parallel postulate hold in R x R, given a point and a line in Q x Q, we can find a 
line in R x R, through that point and parallel to the given line. Now, since it is parallel to the given 
line in Q x Q, it must have rational slope and since it goes through another point with rational 
coordinates, it must be a line in Q x Q. However, can there be more? In other words, is it possible for 
an extraordinary line containing p (12 in FIGURE 1) to avoid intersecting the given line by passing 
through it at a hole - that is, at a point with at least one irrational coordinate? 

In fact, this cannot happen: the parallel postulate holds in Q x Q. To show this we need only show 
that it is not possible for two lines in Q x Q with different slopes to intersect at a point not in Q x Q. 
This follows (except for lines with slope oo, a case we leave to the reader) from the fact that the 
intersection of the lines y = mix + b1 and y = m2x + b2, where ml, M2, b1, b2 E Q, m1 # M2, is a point 
of QxQ. 

Many books on geometry include fallacious proofs in order to emphasize that one must not rely on 
pictures when attempting axiomatic proofs. The faults in many of these 'proofs' lie in altering the 
diagram just slightly so that intersections occur in the wrong places. One of the most common of these 
is the 'proof' that every triangle is isosceles [3]. In light of this false demonstration, it is surprising and 
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FIGURE 1 FIGURE 2 

interesting that in the model Q x Q all triangles are isosceles. For suppose A, B, C are the vertices of 
the triangle. If it were not isosceles, then one of the sides, say AB, would be strictly larger than the 
other two. But then, D(A, B) $ max(D(A, C), D(C, B)), contradicting the ultrametric inequality. 

Many axiom systems for Euclidean geometry contain an axiom to the effect that once a point is 
fixed on a line and distances are measured from that point, there is a one-to-one correspondence 
between those distances and the real number line. At the least, one would like that given a point A on 
a line, there exists a point B on the line such that the distance from A to B is 1. The latter is clearly 
true in Q x Q for all lines of slope 0 or oo, but also holds true for all lines in Q x Q. We of course 
cannot hope to have a one-to-one correspondence with the real numbers since distances in Q x Q 
take on only values of the form (1/2)k. Thus, the following statement is about the strongest one can 
hope to expect: Let I be a line and A a point on 1. Then for any integer k, there exists a point B on I such 
that D (A, B) = (1/2)k. 

In proving this, we will consider only lines I having positive slope. The cases of negative, zero, or 
infinite slope are left to the reader. Suppose A has coordinates (a1, a2) and consider the points 
C: (a1, a2 - 2k) and E: (a1 + 2k, a2). We use d for our ultrametric distance function in Q and e for 
ordinary Euclidean distance. Let B1, B2 be as in FIGURE 2. Notice that d(A, C) = d(A, E) = (1/2)k. We 
claim that either d(B1, C) - (1/2)k or d(B2, E) < (1/2)k. Once this is shown, since the two-dimensional 
ultrametric is defined as the maximum length of the legs of the triangle, the proof will be complete. 

Suppose that e(B2, E) = 2s(alb), where a and b are odd integers. Since the two triangles, AAB1C 
and AAB2E, are similar, we have 

2s(alb) 2k 

2k e(B1, C) 

or e(Bi, C) = 22k-s(bla). To prove the claim we must show that (1/2)k > min((1/2)s, (1/2)2k-s). If 
k ' s, then (1/2)k ?> (1/2)s, and we're done. Otherwise, k > s, so k < 2k - s. Hence, (1/2)k > (1/2)2k-s. 

Two concepts common in Euclidean geometry - betweenness and area - appear incapable of 
definition in our model. The idea of betweenness is very easily expressed via the Euclidean metric. We 
say of three distinct collinear points A, B, C, that B is between A and C if e(A, C) = 
e (A, B) + e (B, C). This definition coincides with the intuitive meaning of one point being between 
two others. But in our model Q x Q with the ultrametric d, it is easy to show that the corresponding 
"definition" of betweenness would not be well defined. 

A second incomplete feature of this model is its lack of a natural area function. In the most general 
sense, we would like an area function to be a map from the set of all polygonal regions in the model to 
[0, oo) such that if A is the disjoint union of B and C, then area(A) = area(B) + area(C) and if A is 
congruent to B, then area(A) = area(B). If we define the area of a rectangle as the product of the 
lengths of two consecutive sides, the unit square will have, as expected, area 1. But if we divide the 
unit square into quarters, then each quarter has area 4. We leave it as an open problem to determine 
whether or not any area function can be defined using the ultrametric. 
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The study of models, such as Q x Q, with strange and unusual properties serves several purposes. 
First, it makes clear that things aren't always as they seem and forces one to stick closer to the 
deductive reasoning process. Second, it illuminates many interesting ideas such as independence of 
axioms, consistency, and completeness (see [41, for instance). Finally, it is a tactic that forces one to 
question certain preconceived ideas that may hinder mathematical growth. 

The author would like to thank the referee and the editors for their help and suggestions in improving this 
paper. 
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Lattice Points in Convex Sets 

P. R. SCOTT 
University of Adelaide 

Let K be a closed convex region in the plane, having area A (K). In [2], Minkowski showed that if 
K is symmetric about the origin 0, and A (K) ? 4, then K contains a non-zero point of the integral 
lattice. Ehrhart showed in [1] that the same conclusion follows if the center of gravity of K lies at 0, 
and A (K) ? 9/2. We prove here an extension of Ehrhart's theorem: If the center of gravity G of K does 
not lie at 0, but the chord of K determined by G and 0 is bisected by 0, and A (K) -' 9/2, then K 
contains a non-zero point of the integral lattice. 

To prove this, we let AB be the chord of K which is determined by G and 0, and which has 0 as 
midpoint. Suppose that AB partitions K into two regions K1, K2, and let a, b be support lines to K at 
A, B respectively. If a, b are not parallel, we assume that they intersect on the K1-side of AB. Let K1 
denote the reflection of K1 in 0, and set K* = K1 U K'. Then by construction K* is closed, convex 
and symmetric about 0. To complete the proof we use, as did Ehrhart, a result sometimes known as 

2t 

A (-1/3,- ) B 

-1 GtO 1 2 

I ~ ~~~~~~ \) 
F --~(- , -1 + E) 

(-1, -1) 

FIGURE 1 
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'Winternitz' Theorem' (see [3]): If a bounded convex region in the plane is divided into two parts by a 
line 1 that passes through its center of gravity, then the ratio of the areas of the two parts always lies 
between 4/5 and 5/4. Since A (K) ' 9/2, it follows that A (K,) > (4/9). (9/2); thus A (K*) _4. Now 
from Minkowski's Theorem, K* contains a non-zero point of the integral lattice. Using the symmetry 
of K* we deduce that K1, and so K, contains a non-zero point of the integral lattice. 

We observe that the proof of this extension can easily be adapted to establish Ehrhart's theorem. 
For, in the case where G and 0 coincide, it is sufficient to establish the existence of a chord of K 
which is bisected by 0; this can be achieved by a simple continuity argument. 

Finally, we note that our result is, as are those of Minkowski and Ehrhart, best possible. For, let E 
be a small positive number, and set E = E/(2- E). Then the triangle (see FIGURE 1) having vertices 
(- 1, - 1), (- 1, 2 - E), (2- , - 1 + E) contains no interior lattice points other than 0. The center of 
gravity G of the triangle has coordinates (- iq/3, 0), and the chord determined by 0 and G has 0 as 
its midpoint. The area of the triangle is (3 - E) (3 - -q)/2; as E O-0, this approaches the bound 9/2 of the 
theorem. 

References 

[1] E. Ehrhart, Une generalisation du theoreme de Minkowski, Comptes Rendus, 240 (1955) 483-485. 
[2] H. Minkowski, Geometrie der Zahlen, Leipzig and Berlin, 1896. 
[3] I. M. Yaglom and V. G. Boltyanskii, Convex Figures, Holt, Rinehart and Winston, 1961. 

Primitive Roots 
without Quadratic Reciprocity 

ALBERT WILANSKY 
Lehigh University 

Baum [1] has given interesting and useful criteria for certain primitive roots. The purpose of this 
note is to derive his results without use of quadratic reciprocity. We need prove only his first theorem, 
since Baum himself proves the second result from the first without making new use of quadratic 
reciprocity. 

THEOREM. If p and q are odd primes, p = 2q + 1, then if q 1 (mod 4), q + 1 is a primitive root 
modulo p, while if q 3 (mod 4), q is a primitive root modulo p. 

Proof. We use the Legendre Symbol (a I b) as in [1], and the well-known results which state that: 

(1) (21p) = (- 1)(P2-1)8 and (- 1 p)= (- 1)(p-l)/2. 

First, we assume that q 1 (mod 4), so 2q + 2 1 (mod p) and 

(1 Ip) = (2q +2lp) = (2Ip)(q+ 1p). 
Applying (1) we get that (q + 1 1 p) = - 1. Since q + 1 is not a quadratic residue, it is a primitive root as 
in [1]. 

Next, if q 3 (mod 4), it follows that 2q-- 1 (mod p) and (- 1 Ip) = (2q p). Applying (1) we get 
that (q IP)= -1 and, as in [1], q is a primitive root. 

Reference 

[1] J. D. Baum, A note on primitive roots, this MAGAZINE, 38 (1965) 12-14. 
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Trigonometric Power Series 

JOHN STAIB 

Drexel University 

Most modern calculus texts have little to say about the power series for tan x (or sec x). A few 
coefficients are given, the difficulty of obtaining more through the formula an = f(n (O)/n! is made 
clear, and perhaps a reference is provided. If the student pursues the reference, he will very likely be 
confronted with a somewhat involved connection between these coefficients and the Bernoulli (or 
Euler) numbers. The following single path to both the tangent and secant coefficients is more direct 
and it serves as a good exercise in the method of generating functions. 

We begin by letting f(x) = sec x + tan x, and then observe that f(x) = cos x f'(x). Introducing 
power series for each of these latter functions, we have 

0 0 0 

Identifying coefficients of like terms, and noting that bn = 0 when n is odd, we obtain 
[n/21 

an = E b2j Cn-2j - 

j =0 

Replacing b2i by its known value, and noting that cn = (n + 1)an+l, we arrive at 

an = E (n + 1 -2j)an+1 2j 

Although this equation can be used to generate the ak, a better recursion formula is possible for 
the related numbers Ak, where Ak = (k !)ak. These Ak turn out to be positive integers. To see this we 
make the appropriate substitutions and then multiply through by n! to obtain 

[n/21 

= E (- 1)' n ) An+121. 
Ij=0 

2 

Finally, we solve for An+,. For n = 0 and 1, we obtain A1 = Ao and A2 = A1. For n > 1, we have 

An+1= An + (;n) An1 - () An_3+ 

where the sum ends either with A1 or A2. Then, beginning with Ao = (O!)ao = (O) 1, we may 
generate the Ak: 

1,1, 1, 2, 5, 16, 61, 272, 1385. 

It follows that 

secx + tanx =1+ x + 1 x2 + 2 x3+ 5 X4 + 16X4 x4+* 

2! 3! 4! 5! 
But sec x is even and tan x is odd. Therefore, 

secx = 1 + 1 x2 + 5 4+ 61x6 +1385 x8+ and 2! 4! 6! . 8! 

tan x = x + 2 x3 + 16 x5 + 272 X7 + 3! 5! 7! 
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The technique used above can be exploited to produce a variety of similar exercises for the student 
in advanced calculus. One has only to seize on another of the many identities involving tan x or sec x. 
For example, the identity tan x cos x = sin x leads to 

k =+ 1 

while sec x cos x = 1 leads to 

E (1) (2)A2k = for n > 0. 

However, it should be noted that these formulas lead separately to the coefficients of tan x and sec x. 
The special beauty of the particular identity used here is that it forcefully demonstrates that the 
somewhat obscure and hardly related coefficients of tan x and sec x are in fact the odd and even 
subsequences of the same sequence! 

For futher insight into this matter, it is instructive to look at sin x and cos x. Here some connection 
between their coefficients appears from the very beginning. This connection is ultimately established 
by the identity e i = cos x + i sin x. But what is more pertinent here is that the coefficients of sin x and 
cos x can be found in a manner paralleling that used above for tan x and sec x. 

Taking f(x) = cos x + i sin x we note first that f'(x) = if(x). Introduction of 1n=o anXn for f(x) 
leads to the recursion formula 

a = +1a 

and from aO = f(O) = 1 we get our start. Thus we obtain 

cos x + i 
sin-x 

= 1 + ix _ X2 - 3 +*** LU 1IMIIA lilA 2! 3 ! 

from which the usual series are obtained by matching real and imaginary parts. Note that the 
relatedness between sin x and cos x, despite appearances, is not so direct as that between tan x and 
sec x. That is, we cannot say that the coefficients of sin x and cos x form the odd and even 
subsequences of the same sequence but only that this is true for i sin x and cos x. 

Finally, the "togetherness" of tan x and sec x suggests that the function (tan x + sec x) should have 
an existence of its own independent of its relationship to tan x and sec x. This turns out to be the case: 
the numbers An give the solution to the so-called zigzag problem. A zigzag is a permutation of 1 
through n in which the listed numbers successively rise and fall. For example, for n = 7, one zigzag is 
(7,1, 4, 2, 6, 3, 5). This zigzag starts with a "fall." By replacing each number by its complement relative 
to n + 1 = 8, we obtain (1, 7, 4, 6, 2, 5, 3), which is a zigzag beginning with a "rise." In this way, all 
zigzags (for a given n) may be paired. Thus, there are just as many zigzags beginning with a rise as with 
a fall. And, curiously, the count of either class is An. The mathematical link between the zigzag count 
and the coefficients of (tan x + sec x) is elegantly established in [1, pp. 64-69]; see also [2, p. 258]. 
However, this proof seems not to be based on any intuitive considerations. After all, why should that 
number which gives half the count of all the zigzags arising from (1, 2, . . ., n) be the same number as 
that which gives the nth derivative evaluated at 0 for the function (tan x + sec x)? Perhaps some reader 
could suggest why this "ought" to be. 

References 

[1] Heinrich Dorrie, 100 Great Problems of Elementary Mathematics, Dover, New York, 1965. 
[2] L. Comtet, Advanced Combinatorics, D. Reidel, Dordrecht, 1974. 

148 MATHEMATICS MAGAZINE 

This content downloaded from 130.15.241.167 on Wed, 23 Dec 2015 09:34:45 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


DAN EUSTICE, Editor 
LEROY F. MEYERS, Associate Editor 
The Ohio State University 

Proposals 

To be considered for publication, solutions 
should be mailed before December 1, 1976. 

978. For A >0, let 

(1 x y + axy)- = c(A)X m y n. 
m, n =0 

Show that c?,)1 ' 0 for all m, n if and only if a 1. [L. Carlitz, Duke University.] 

979. Define P(m, n) to be the number of permutations of the first n natural numbers for which m is 
the first number whose position is left unchanged. Clearly P(1, n) = (n - 1)! for all n. Show that, for 
m = 1, 2, . .. , n - 1, 

P(m + 1, n) = P(m, n) - P(m, n - 1). 

[Mike Chamberlain and John Hawkins, University of Santa Clara.] 

980. Show that in a perspective drawing of a straight railroad track which is at right angles to the 
image plane the reciprocals of the images of the ties form an arithmetic progression. [Peter Ungar, 
New York University.] 

991. Show that if a smooth curve in R3 has the property that each principal normal line passes 
through a fixed point, then the curve must be an arc of a circle. [Steven Jordan, University of Illinois at 
Chicago Circle.] 

982. Let f(n) be the sum of all the positive divisors of the positive integer n, including 1 and n. Let A 
denote the set of all rational numbers of the form f(n + 1)/f(n). Determine the closure of A in the set 
of real numbers. [Roy DeMeo, Jr., Franklin Square, New York.] 

983. Are there arbitrarily long sequences of consecutive integers no two of which have the same 
number of prime divisors? [Bernardo Recaman, Bogota, Colombia.] 

ASSISTANT EDITORS: DON BONAR, Denison University; WILLIAM A. MCWORTER, JR., The Ohio State 
University. We invite readers to submit problems believed to be new. Proposals should be accompanied by solutions, 
when available, and by any information that will assist the editors. Solutions to published problems should be 
submitted on separate, signed sheets. An asterisk (*) will be placed by a problem to indicate that the proposer did not 
supply a solution. A problem submitted as a Quickie should be one that has an unexpected succinct solution. Readers 
desiring acknowledgement of their communications should include a self-addressed stamped card. Send all com- 
munications to this department to Dan Eustice, The Ohio State University. 231 W. 18th Ave., Columbus, Ohio 43210. 
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984. Let (b1, b2,. .., bn) be a non-zero element of R'. For which n, 2 ? n -? 8, is it true that one can 
choose an orthogonal basis for R n from the collection 

{ (-+-b -(i, -+-b-(2)),..., -+-b (n)): E Pn } 
where Pn is the set of all permutations of (1,2,..., n)? [Peter Orno, The Ohio State University.] 

985. Let Qk = 11(k + 2)! + 21(k + 3)! + 31(k + 3)! + . Show that Qk is transcendental for all positive 
integers k, but rational for k = 0. [Jeffrey Shallit, Princeton University.] 

986. Show that there exists a constant c such that a + b < n + c ln n, for all positive integers a, b, and 
n for which n ! /(a ! b!) is an integer. [Paul Erdos, Hungarian Academy of Science.] 

987. Let f be differentiable with f' continuous on [a, b]. Show that if there is a number c in (a, b] such 
that f'(c) = 0, then we can find a number ( in (a, b) such that 

f f(6)- f(a) 
f V( b - a 

[Sidney Penner, Bronx Community College.] 

Quickies 

Solutions to Quickies appear at the 
conclusion of the Problems section. 

Q635. Prove that for any prime, p, there exists an infinite number of values of m for which p is a 
divisor of 2m"' + 3' - 17. [Erwin Just, Bronx Community College.] 

Q636. Does there exist a triangle such that the tangents of its angles are of the form x, 1 + x, and 
1 - x? [Richard L. Francis, Southeast Missouri State University.] 

Q637. Bisect a line segment with a straight edge given only a line parallel to it. [Bertram Ross, 
University of New Haven.] 

Solutions 

A Popular Inequality May 1975 

937. Which is greater: es or (ee *e * 1)1/3? [Norman Schaumberger, Bronx Community College.] 

Solution: Let k = eelrer/e3. If k > 1, then eelerw > e3 . Replace r with x to define 

eex exx 
F(x) = 3 and n (x) = loge F(x). 
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Differentiating with respect to x, we find: 

n'(x)=e + logex -2, x 

It 1 e 
n"(x)- - 2 

x x 

Letting x = e and substituting into the equations, we obtain: 

n(e) = 0, n'(e) = 0, n"(e) = 0. 

Observe that when x > e, 

e 1 e 
n (X)= ( -i)> 0, because - >0 and 1-- >0. x x ~~~x x 

Thus, when x > e, n'(x) is increasing. Since n'(e) = 0, if x > e, then n'(x) is always positive. 
Therefore, if x > e, n(x) is increasing. Thus, since ir > e, n((r)> n(e). However, n(e) = 0, so 
n(iT)>O and (ee .ITe .I7)l/3>e 

ROBERT SCHERRER, Student 
St. Louis University High School 
St. Louis, Missouri 

Also solved by M. Ahuja, Geoffrey Akst, John T. Annulis & Dale Burton, Merrill Barnebey, Stephen Baron, Tim 
Cherney, Raphael T. Coffman, Romae J. Cormier, Winston Crowley & Ann Doris & Ron Wilson, Clayton W. 
Dodge, Ragnar Dybvik (Norway), Thomas Elsner, Donald C. Fuller, Michael Goldberg, Richard A. Groeneveld, 
Robert M. Hashway, Richard Johnsonbaugh, Ralph Jones, Steven Kahan, Lew Kowarski, Sidney Kravitz, Gerhard 
Metzen (Canada), Henrietta 0. Midonick, C. C. Oursler, C. B. A. Peck, Charles F. Pinzka, R. L. Raymond, 
Lawrence A. Ringenberg, Rose -Hulman Problems Group, Daniel Mark Rosenblum, D. K. Ross (Australia), Jeffrey 
Shallit, Joseph Silverman, J. M. Stark, Temple University Problem Solving Group, University of Santa Clara Problem 
Solving Group, T C. Wales, Edward T. H. Wang (Canada), Kenneth M. Wilke, Ken Yocom, and the proposer. 
Several solvers used the ubiquitous hand calculators. 

A Convergent Example May 1975 

938. Let I an be an infinite series, and set sn = a, + + an. A familiar theorem of Abel says that if 
the an are positive and E an diverges, then I (an /sn) also diverges. If we allow arbitrary signs, can we 
make Ian diverge to + 0 while I (an /sn) converges? [S. C. Geller and W. C. Waterhouse, Cornell 
University.] 

Solution: The answer is yes. As an example, consider the series with a2k-1 = k1l2 and a2k = 

1 - (k + 1)1/2. Since S2k-1 = k and S2k = k + 1 - (k + 1)1/2 the series diverges to + X. Then, since 
a,/s, = 1, a2k/S2k = - (k + 1)-1/2, and a2k+?/s2k+l = (k + 1)-1/2, the series I(an/sn) converges to 1. 

M. T. BIRD 
San Jose, California 

Also solved by Larry Bennett & Ken Yocom, Stephen C. Currier, Donald C. Fuller, J. M. Stark, and the proposers. 

Counting in Cubes May 1975 

939. Consider an n x n x n cube consisting of n3 unit cubes. Using only the unit cubes, determine, in 
terms of n: (1) the number of possible sizes of rectangular parallelepipeds "imbedded" in the cube, (2) 
the number of cubes of all sizes "imbedded" in the cube, and (3) the number of rectangular 
parallelepipeds of all sizes "imbedded" in the cube. [Richard A. Gibbs, Fort Lewis College.] 
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Solution: 
(1) (a) There are (n ) distinct kinds of cubes. 
(b) There are 2(n ) distinct kinds of non-cubic parallelepipeds with square bases; the factor 2 arises 

because the longer dimension may be either a side of the base or the height of the parallelepiped. 
(c) There are (3) distinct kinds of parallelepipeds with all three dimensions different. 
Therefore, the required number is (n) + 2(n) + (n) or (n + 2)(n + 1)n/6. 
(2) There are n3 cubes of side 1, (n - 1)3 cubes of side 2,..., down to one cube of side n. So the 

total number of cubes is j= i3= (n + 1)2n2/4. 
(3) A rectangular parallelepiped is defined by inserting two planes in each of the three orthogonal 

sides of the n x n x n cube. There are n + 1 places in each side where a plane can be inserted. 
Therefore, the total number of imbedded rectangular parallelepipeds is (n 1)3= (n + 1)3n3/8. 

JULIUS VOGEL 

Boston, Massachusetts 

Also solved by J. C. Binz (Switzerland), D. P. Choudhury (India), Thomas Elsner, Michael Goldberg, M. G. 
Greening (Australia), Kent Harris, Philip Haverstick, Clarence R. Perisho, Temple University Problem Solving 
Group, Gillian W. Valk, and the proposer. 

Time Repeats Itself May 1975 

940. To elaborate on an old problem of Dudeney [1], let us suppose a clock has minute and hour 
hands of the same length and indistinguishable. [Ignore the fact that on all clocks the hour hand is the 
one nearer the clock face.] Of the set of all instants in a 12-hour period, consider the partition: 

A = set of all instants when the clock reading would be ambiguous; 
B = set of all instants when the reading would not be ambiguous. 

Which, if either, of these sets is finite? 

[1] H. E. Dudeney, 536 Puzzles and Curious Problems, edited by M. Gardner, Charles Scribner's Sons, New York, 
1967, p. 14. 

[Edwin P. McCravy, Midlands Technical Education Center.] 

Solution: Let Sp = the angle the minute hand makes with 12 o'clock, and let i = the angle the hour 
hand makes with 12 o'clock. Then 

i/i--rn 
2r = ,6 for m = 0,, ... ,11. 
2rr X 

6 

The ambiguous instants occur when minute and hour hands can be interchanged, so that 

XIT - IT n =0,1, 11 except n = m. 

6 

Thus / = 2ir(12m + n)/143 and Sn = 24vr(12m + n)/143 - 2irm, where n, m = 0,1, ...,11, and n7 m 
give the position of the hands when the reading would be ambiguous. Therefore A is finite with 132 
ambiguous instants. 

G. W. VALK 

Tucker, Georgia 
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Also solved by Walter Bluger (Canada), Tim Cherney, D. P. Choudhury (India), Steven R. Conrad, Milton 
Eisner, Thomas Elsner, Abraham L. Epstein, Michael Goldberg, M. G. Greening (Australia), Robert M. Hashway, 
Karl Heuer, Vaclav Konecny (Czechoslovakia), Lew Kowarski, Henry S. Lieberman, Carl McCarty, Clarence R. 
Perisho, Bob Prielipp, Lawrence A. Ringenberg, Rose-Hulman Problems Group, Joseph Silverman, Temple 
University Problem Solving Group, Julius Vogel, Ken Yocom, and the proposer. 

Conrad and Prielipp found several references for this problem, especially Amer. Math. Monthly E106 (1935, 
110) and E1571 (1964, 91). 

Legendre Polynomial May 1975 

941. Show that each of the following expressions is equal to the nth Legendre polynomial. 

x100 . 0 xl O O 0 
1 3x 2 0 0 1 3x 1 0 * 0 

(i) 0 2 5x 3 ... 0 (ii) ! 0 4 5x 1 0 ). 

0 0 3 .0 0 9 
n-i | 1 

0 0 0 n-1 (2n-1)x 0 0 0 (n-1)2(2n-1)x 

[Stanley Rabinowitz, Maynard, Massachusetts.] 

Solution: If both of the determinants are given the same name, Dn(x), and are expanded by their 
last columns and one of the two determinants obtained in each case again expanded by the last rows, 
then the following equation (for both (i) and (ii)) results: 

nDn(x)= (2n - 1)xDn 1(x)-(n - 1)Dn-2(x). 

That Dn (x) is the nth Legendre polynomial now follows from this recursion relation and the fact that 
D,(x) and D2(x) are the first and second degree Legendre polynomials, respectively: x and 
(3x2- 1)/2. 

GRAHAM LORD 
Universite Laval, Quebec. 

Also solved by A. L. Andrew (Australia), Clyde A. Bridger, D. P. Choudhury (India), Michael Ecker, Donald 
C. Fuller, Ralph Garfield, M. G. Greening (Australia), Philip Haverstick, Ralph Jones, Vaclav Konecny 
(Czechoslovakia), Bob Prielipp, A. G. Shannon (Australia), Joseph Silverman, Scott Smith, J. M. Stark, Temple 
University Problem Solving Group, and the proposer. 

A Constant Sum May 1975 

942. Determine the maximum value of 

* 1_ cj Cn 1xi xI X 

where xi >O and x1 + x2 +* + xn = 1. [M. S. Klamkin, University of Waterloo.] 

Solution: We have 
n 

_ _xx _ _ 
n 2X2 n 

_n _ X_ _n, 

I-1' = + X ) E 1 =- 2 E E 1 
- E 1 

i=1 j=1 \1xi i xi j=1 ,=1 -Xi 71-X 

= 2 E X;) (E i 2 E i 
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= 2 E 1 = 2 E xi = 2. 
i=1 -Xi i=l1 

Thus S = 1. 
JOSEPH SILVERMAN, Student 
Brown University 

Also solved by M. Ahuja, J. C. Binz (Switzerland), M. T. Bird, Thomas Elsner, Donald C. Fuller, Mark D. 
Galit, Ralph Garfield, M. G. Greening (Australia), Richard A. Groeneveld, Robert M. Hashway, Ralph Jones, 
Vaclav Konecny (Czechoslovakia), Henry S. Lieberman, Graham Lord, J. M. Malone II, Gerhard Metzen 
(Canada), John D. O'Neill, University of Santa Clara Problem Solving Group, Scott Smith, Temple University 
Problem Solving Group, Phil Tracy, Ken Yocom, and the proposer. 

Answers 

Solutions to the Quickies which appear 
near the beginning of the Problems section. 

Q635. Fermat's theorem asserts that for any prime p, p will be a divisor of a P - a, and since a P - a is 
easily seen to be a divisor of apn - a, where n is any positive integer, p will also be a divisor of 
apn- a. In the given expression replace m by pn + 1 to obtain 2Pn+2 +3Pn+l- 17= 
22 2pn + 3 . 3pn - 17 = 4(2pn - 2) + 3(3pn - 3). Since the latter expression is divisible by p, it follows that 
whenever m = pn+l 2m+1 + 3m - 17 will be divisible by p. 

Q636. If A, B, and C are the angles of a triangle, then 

tan A + tan B + tan C = (tan A) (tan B) (tan C). 

If x +(1+x)+(1-x)= x(l+x)(1-x), then x +2= x -x3, or x3= -2, or x = - 2. As x < -1, 
both x and (1 + x) are negative, meaning that the triangle has two obtuse angles. Thus no triangle 
satisfies the above condition. 

Q637. Let the line segment be AB. Take any point P as shown. Draw PA and PB. Then join BC and 
AD. The intersection of AD and BC is E. The line PE is a bisector of line segment AB. (This 
result may be found in A. S. Smogorzhevskii, The Ruler in Geometrical Constructions, Blaisdell, 
Waltham, 1971, p. 52.) 

p 

A B 
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flW ? 

RECREATIONAL MATHEMATICS 

Miami University in OxfQrd, Ohio will 
host a conference on recreational mathe- 
matics on Septt 24-25, 1976. The pur- 
pose of the conference is to explore the 
relationship between recreational mathe- 
matics and significant problems, to de- 
velop recreational mathematics as a 
motivating tool for students, and to 
have fun. 

Invited speakers include Leon 
Bankoff, problems editor of Pi Mu Epsilon 
JournaZ; Elwyn Berlekamp, expert on 
games and graphs; Murray Klamkin, origi- 
nator of many applied and recreational 
problems; David Klarner, theorist in 
recreational mathematics; Joseph 
Madachy, founder and editor of JournaZ 
of Recreational Mathematics; Robinson 
Rowe, problem solver in algebra, trigo- 
nometry, calculus; C.W. Trigg, leading 
contributor in recreational mathematics; 
and Robert Wainwright, editor of Life- 
Zine, journal of Conway's game of Life. 

Requests for information as well as 
abstracts of contributed papers should 
be sent to Prof. Donald 0. Koehler, 
Department of Mathematics, Miami Uni- 
versity, Oxford, Ohio 45056. 

ERRATUM 

It has come to my attention that 
there was an error in equation (3) of 
my paper "An Interesting Continued 
Fraction" (this Magazine, January 
1975, pp. 207-211). The minus sign 
separating the two bracketed expres- 
sions should be a plus sign, so the 
line should read: 

(3) a = [2(b +/b2 4)]n + 

[2(b - 4)]n 

Jeffrey Shallit, Student 
Princeton University 
Princeton, N.J. 08540 

NEW YORK MATH FAIR 

Secondary school students in the 
eleventh or twelfth grades in the New 
York area are eligible to participate 
in the Greater Metropolitan New York 
Math Fair scheduled for March 6, 1977. 
The fair consists of talks before a 
group of judges based on a paper writter 
by the student on some topic of his own 
choosing. 

Further details and application form! 
may be obtained from 

Dr. Theresa J. Barz, Secretar3 
Math Fair Committee 
Department of Mathematics 
St. John's University 
Jamaica, New York 11439 

ODD RECIPROCALS 

E.J. Barbeau's inquiry (in "Express- 
ing Qne as a Sum of Odd Reciprocals", 
this Magazine, January 1976, p. 34) for 
sets of nine or eleyen odd integers 
whose reciprocals sum to one produced 
several responses whose methods ranged 
from pure thought to brute force compu- 
tation. FiYe sets of nine integers 
were reported (3, 5, 7, 9, 11, 15 plus 
21, 135, 10395; or 21, 165, 693; or 21, 
231, 315; or 33, 45, 385; or 35, 45, 
231) as were two sets of eleven (3, 5, 
7, 9, 11, 15, 27, 105, 135, 945, 10395 
and 3, 5, 7, 9, 15, 21, 25, 35, 45, 
125, 325). 

Bruce Leasure (Univ. of Illinois, 
Urbana) and Allan Wm. Johnson, Jr. (De- 
fense Comm. Agency, Washington, D.C.) 
report that a complete search of all 
possibilities confirms these five as 
the only sets of nine odd integers 
whose reciprocals sum to one. The 
number of sets of eleven is apparently 
not known. 
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Allan Johnson also confirmed, in re- 
sponse to another of Barbeau's inquir- 
ies, that one can indeed be expressed as 
the sum of reciprocals of different 
positive integers each of which is the 
product of exactly two primes. He 
found sets containing as few as 50 in- 
tegers and showed by direct computation 
that at least 38 are required. The 
question of determining the fewest in- 
tegers required by this type of repre- 
sentation remains open. 

The Editors. 

SIMPLE, SIMPLER, 

The article "Hex Must Have a Winner 
--An Inductjve Proof" (this Magazine, 
March 1976, pp. 85-86) reminded me of 
a topological proof which is perhaps 
somewhat shorter. 

To fix our ideas, suppose black 
wishes to connect the left and right 
sides of the board, and white wishes 
to connect the top and bottom. Let B 
be the set of black hexagons connected 
to the left side. Clearly B either 
contains a black hexagon on the right 
side or it does not. If it does, then 
black has completed a chain. A chain 
connecting the two sides blocks white, 
who could not also have a chain without 
some hexagon being both black and white. 
But, if B does not contain a hexagon 
on the right side of the board, the 
hexagons connected to B on the right 
are all white, are connected, and form 
a chain from top to bottom. Hence 
white has won. 

Paul B. Johnson 
University of California 
Los Angeles 
California 90024 

I was apalled by the complexity of 
the 'simple' proof that Hex must have 
a winner. Here is a much simpler proof 
that I was told many years ago. 

Imagine the playing board for the 
game of Hex to be made out of paper. 
Whenever white moves, he colors the 
hexagon of his choice white. Whenever 
black moves, he cuts out the hexagon of 

his choice. Repeat this until no one 
can move any more. 

Pick up the playing board in your 
hands, holding the two 'white' edges. 
Pull your hands apart. Either the 
paper stops you, in which case there 
msut be a path of white squares and so 
white wins; or nothing stops you, in 
which case there is a 'path' of cut out 
squares between the top and the bottom 
of the board, and so black wins. 

Clearly, one of the two must occur; 
and so someone must win. 

Daniel Zwillinger, student 
Mass. Inst. Tech. 
Cambridge 
Massachusetts 02139 

A BICENTENNIAL ALPHAMETIC 

USA 
FIFTY 

UNITED 
STATES 

Rev. Bernard J. Portz, S.J. 
Creighton University 
Omaha 
Nebraska 68178 

Editors Note: Please don't subbmit 
sotutions. We will publish some an- 
swers in the next issue. 

A COUNTEREXAMPLE 

The conjecture stated at the con- 
clusion of Man Keung Siu's note "When 
is -1 a power of 2?"' (this Magazine, 
November 1975, pp. 284-286) is false; 
the smallest counterexample is 205. 

A more illuminating statement of the 
title question would be "What is the 
nature (mod 8) of the divisors of 
2x + 1?" The following facts are easy 
to prove and well known: 
A) If 4 divides x, all divisors of 
2x + 1 are congruent to 1 (mod 16). 
B) If x is odd, all divisors of 
2x + 1 are congruent to 1 or 3 (mod 8). 
(For example, 3.281 divides 235 + 1.) 

C) If x = 4k + 2, all divisors of 
2x + 1 are congruent to 1 (mod 4). 
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Thus if 2e + 1 = 0 (mod d) is solvable, 
d has its prime divisors from just one 
of A), B), or C). In particular, d 
cannot have one prime divisor congruent 
to 3 (mod 8) and another congruent to 
5 (mod 8). 

J.L. Selfridge 
Northern Illinois Univ. 
DeKalb 
Illinois 60115 

Siu showed that 2x E -1 (mod d) 
is solvable if d is a power of a 
prime p and (a) p E 1 (mod 8) plus 
additional conditions; or (b) p _ 3 
(mod 8); or (c) p =_ 5 (mod 8). He ex- 
pressed interest in a necessary and suf- 
ficient condition for the congruence to 
be solvable modulo some composite d 
and conjectured that it is solvable if 
and only if it is solvable modulo each 
prime divisor of d and all the prime 
divisors of d belong to exactly one 
of (a), (b), or (c). 

Selfridge's example (aboye) of 41 
(= 205/5) shows that the conjecture is 
false and that a prime divisor of type 
(a) can be combined with other types. 
Also 697 shows that for type (a) primes, 
solvability modulo each prime does not 
imply solvability modulo the product. 
However, the problem is only with 
divisors of type (a). 

Let d = pe. . prer, r be the ex- 

ponent of 2 mod p.i and 28k1|rk 
2XE -1 (mod d) is solvable if and only 
if each ri is even and g.c.d. (ri.,) 
divides -L(ri-r.); this is true if 
and only if si=s. For 1 < i <j 

n. This result is an easy consequence 
of results in elementary -number theory 
and Siu's work. It is useful in con- 
structing examples and in proving, for 
instance, that if the Pi are restric- 
ted to types (b) and (c), then 2x E -1 
(mod d) is solvable if and only if it 
is solvable mod each pi and all the 
Pi are of the same type. 

Joseph B. Dennin, Jr. 
University of Maryland 
Princess Anne 
Maryland 21853 

1976 U.S.A. MATHEMATICAL OLYMPIAD 

The fifth annual U.JS.A. Mathematical 
OZympiad, which toQk pZace on May 4, 
1976, consisted of the folZowing five 
probZems. The exam was prepared and 
directed by Dr. Murray S. KZamkin and 
Dr. ScanueZ L. Greitzer. 

1. (a) Suppose that each square of a 
4 x 7 chessboard, as shown below, is 
colored either black or white. Prove 
that with any such coloring, the board 
must contain a rectangle (formed by the 
horizontal and verticle lines of the 
board), such as the one outlined in the 
figure, whose four distinct corner 
squares are all of the same color. 
(b) Exhibit a black-white coloring of 
a 4 x 6 board in which the four corner 
squares of every such rectangle as des- 
cribed above, are not the same color. 

2. If A and B are fixed points on 
a given circle and XY is a variable 
diameter of the same circle, determine 
(with proof) the locus of the point of 
intersection of lines Ax and BY. 
You may assume that AB is not a dia- 
meter. 

3. Determine (with proof) all integral 
solutions of a2 + b2 + c2 = a22b 

4. If the sum of the lengths of the 
six edges of a trirectangular tetra- 
hedron PABC (i.e., dL APB = A.BPC= 
L CPA = 900) is S, determine (with 

proof) its maximum volume. 

5. If P(x), Q(x), R(x), and S(x) 
are all polynomials such that 

P(X5) + XQ(X5) + x2R(x5) = 

(X4 + x3 + x2 + X + 1 )S(x) 

prove that x - 1 is a factor of P(x). 
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PICK IFF EULER 

It may be of interest to note, in re- 
lation to "Triangulations and Pick's 
Theorem" by R.W. Gaskell, et al. (this 
Magazine, January 1976, pp. 35-37), 
that, not only does pick's theorem fol- 
low from Euler's formula, but also 
Euler's formula follows from Pick's 
theorem. (See DeTemple and Robertson, 
"The Equivalence of Euler's and Pick's 
Theorems," Mathemat-cs Teacher, 67 
(1974) 222-226.) The strategy is this: 
1) Observe that a primitive triangle 
has area 1/2. 
2) Show that V - E + F remains un- 
changed as a (plane) map is triangula- 
ted. 

3) From F = T= twice area = 
2Vi + Vb - 2, 2E = 3F + %b, and 
v = V. + Vb obtain V - E + F = 1 
for t6e triangulated map. 

Finally, it is worth noting that 
both Pick's theorem and Euler's formula 
follow from the basic formula T = 
2Vi + Vb - 2. This result can be es- 
tablished without the use of Euler or 
Pick by observing that rT = 27Vi + 
f(vb - 2). From this it follows, us- 
ing the elegant argument of Gaskell, 
et al., that the area of a primitive 
triangle is 1/2. With these two facts 
in hand, both Pick's theorem and 
Euler's formula can be obtained. 

Richard A. Gibbs 
Fort Lewis College 
Durango, Colorado 81301 

1976 NSF-CBMS REGIONAL RESEARCH CONFERENCES 

The National Science Foundation has granted through the Conference Board of 
the Mathematical Sciences eight Regional Research Conferences for college and 
university mathematics teachers for the summer of 1976. Two more conferences 
are expected to be funded, but they had not been officially granted at the time 
this issue went to press. 
Date Host Institution Subject Lecturer 
May 31- Univ. of Nebraska Tansference Methods in Guido Weiss 

June 4 Harmonic Analysis 
May 31- Univ. of Colorado Topological Methods in Charles Conley 

June 4 Differential Equations 
June 28- Univ. of Houston Nonlinear Diffusion Donald G. Aronson 

July 2 
June 28- St. Olaf College Mathematics of Optimal Alan J. Goldman 

July 2 Facility Locations 
July 5-9 Univ. of Pittsburgh Complex Manifold Tech- Roger Penrose 

niques in Relativity 
July 8-12 Kent State Univ. Banach Spaces of Aleksander Pelczynski 

Smooth Functions 
July 26-30 Illinois State Univ. Diophantine Approxima- Wolfgang Schmidt 

tions 
August 2-6 Old Dominion Univ. Computational Fluid Dyna- Steven A. Orszag 

mics and Turbulence Theory 
Approximately 25 mathematicians can attend each conference; travel and subsist- 

ence allowances are paid by NSF. Inquiries about particular conferences and re- 
quests for application forms should be addressed to the departments of mathematics 
at the host institutions. 

CBMS anticipates that the Regional Conferences project will continue in 1977 
and that for these the deadline for receipt of proposals by NSF will be November 
15, 1976, instead of December 1 as it has been in prior years. 
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THE MATHEMATICAL ASSOCIATION OF 
AMERICA: ITS FIRST FIFTY YEARS 

Edited by K. 0. May, with contributions by: C. B. Boyer, R. W. Feldmann, 
H. M. Gehman, P. S. Jones, K. 0. May, H. F. Montague, G. H. Moore, 
R. A. Rosenbaum, E. P. Starke, D. J. Struik. Chapter titles are: Historical 
Background and Founding of the Association, The First Twenty-Five Years, 
World War II, From 1946 to 1965, The Sections, Financial History, 
Appendices. 

Individual members of the Association may purchase one copy of the book 
for $5.00; additional copies and copies for nonmembers are priced at $10.00 
each. (Orders for under $10.00 must be accompanied by payment. Prepaid 
orders will be delivered postage and handling free.) 

Orders should be sent to: 
MATHEMATICAL ASSOCIATION OF AMERICA 

1225 Connecticut Avenue, N.W. 
Washington, D.C. 20036 

DOLCIANI MATHEMATICAL EXPOSITIONS 

VOLUME 1: MATHEMATICAL GEMS 

BY ROSS HONSBERGER, UNIVERSITY OF WATERLOO 

Chapter titles are: An Old Chinese Theorem and Pierre de Fermat; Louis Posa; 
Equilateral Triangles; The Orchard Problem; A-Curves; It's Combinatorics that 
Counts!; The Kozyrev-Grinberg Theory of Hamiltonian Circuits; Morley's 
Theorem; A Problem in Combinatorics; Multiply-Perfect, Superabundant, and 
Practical Numbers; Circles, Squares, and Lattice Points; Recursion; Poulet, Super- 
Poulet, and Related Numbers; Solutions to Selected Exercises. 

One copy of each volume in this series may be purchased by individual mem- 
bers of the Association for $5.00 each; additional copies and copies for non- 
members are priced at $10.00. (Orders for under $10.00 must be accompanied 
by payment. Prepaid orders will be delivered postage and handling free.) 

Orders should be sent to: 

MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, N.W. 

Washington, D.C. 20036 
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MAA STUDIES IN MATHEMATICS 

This series is intended to bring to the mathematical community expository 
articles at the collegiate and graduate level on recent developments in mathe- 
matics. 

These numbers are currently available: 
1. Studies in Modern Analysis, edited by R. C. Buck. 
2. Studies in Modern Algebra, edited by A. A. Albert. 
3. Studies in Real and Complex Analysis, edited by I. I. Hirschman, Jr. 
4. Studies in Global Geometry and Analysis, edited by S. S. Chern. 
5. Studies in Modern Topology, edited by P. J. Hilton. 
6. Studies in Number Theory, edited by W. J. LeVeque. 
7. Studies in Applied Mathematics, edited by A. H. Taub. 
8. Studies in Model Theory, edited by M. D. Morley. 
9. Studies in Algebraic Logic, edited by Aubert Daigneault. 

10. Studies in Optimization, edited by G. B. Dantzig and B. C. Eaves. 
11. Studies in Graph Theory, Part I, edited by D. R. Fulkerson. 
12. Studies in Graph Theory, Part II, edited by D. R. Fulkerson. 

One copy of each volume in this series may be purchased by individual 
members of the Association for $5.00 each; additional copies and copies for 
nonmembers are priced at $10.00 each. Special price for the two-volume 
set, Volumes 11 and 12: $9.00; for nonmembers the price is $18.00. 
(Orders for under $10.00 must be accompanied by payment. Prepaid 
orders will be delivered postage and handling free.) 

Orders should be sent to: 

MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, N.W. 

Washington, D.C. 20036 
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SYMMETRY DISCOVERED 
JOE ROSEN 
A fascinating journey through the world of symmetry. Concepts and ap- 
plications of symmetry are illustrated through commonplace objects, 
growth patterns and physical operations in the natural environment, 
events in time and location, and geometrical constructions. $11.95 

SURFACES 
H. B. GRIFFITHS 
How is a surface defined? What is an edge? When is a twist not a twist? 
This book builds a set of definitions through the use of three-dimensional 
models to make clear the basic concepts of surfaces. An entertaining 
work to encourage spatial thinking. $12.50 

POLYHEDRON MODELS 
MAGNUS J. WENNINGER 
Definitive descriptions for constructing the models, with drawings and 
photos illustrating each one. Now in paperback $5.95 

MATHEMATICAL METHODS FOR 
THE PHYSICAL SCIENCES 
K. F. RILEY 
Written especially for the first two years of an undergraduate course in 
physical science or engineering, this book explains and demonstrates the 
mathematical methods students need in order to quantify and manipulate 
the physical concepts they will encounter. 

Cloth $27.50 Paper $12.95 

DEDUCTIVE TRANSFORMATION GEOMETRY 
R. P. BURN 
A clear presentation illustrated with diagrams. $11.95 

g Cambridge 
"" gUniversity Press 

32 East 57th Street, New York, N.Y. 10022 
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Also publishes a variety of major references on math- 
ematical topics and pedagogical methods concerning 
mathematics. Here are some of the most recent (all 
are clothbound): 
Mathematics Leaming in Early Childhood, 37th Yearbook. Colorful, abun- 
dantly illustrated resource book for teaching mathematics to children aged 3-8. 
Chapters on cognition, curriculum, research, and teaching procedures are high- 
lighted by hundreds of ideas and activities in an 81/2-by-li-inch format. 1975, 
316 pp., $13.00* 
Geometly in the Mathematics Curriculum, 36th Yearbook. Presents the vari- 
ous theories on how geometry might best be taught at all levels- informally from 
kindergarten through the two-year college as well as formally at the secondary 
level, with illustrations given for each formal approach (conventional, coordinate, 
transformation, affine, vector). 1973, 480 pp., $1 0.00* 
The Slow Leamer in Mathematics, 35th Yearbook. Provides ideas for teaching 
the slow learner at all levels and deals with subject matter objectives while empha- 
sizing methods for attaining them. 1972, 528 pp., $10.60* 
InstructionalAids in Mathematics, 34th Yearbook. A richly illustrated guide to 
instructional aids, a basis for evaluating their quality and utility, suggestions for 
their use, and ideas for their construction, all in a larger format (9-by-11 inches). 
1973, 442 pp., $14.00* < 
The TeachingofSecondarySchoolMathematics, 33d Yearbook. Forces 6 cd 
shaping today's mathematics program are described; teaching for special out- w 
comes is discussed; then examples demonstrate classroom applications, with 2 E 
emphasis on teacher planning. 1970, 433 pp., $9.50* U. 

0 0 A History of Mathematics Education in the United States and Canada, z 
32d Yearbook. Issues and forces affecting grades K-12 from colonial days to the 0 O 
present. 1970, 557 pp., $10.60* It 

Historical Topics for the Mathematics Classmom, 31st Yearbook. A sub- O z stantial treatment of the use of the history of mathematics in the teaching of mathe- 0 aw 
matics. 1969, 524 pp., $10.40* < : D Z 
*NCTM members are entitled to a $2 discount (one copy only) on each yearbook. < > ? < 
All orders totaling $20 or less must be accompanied by payment in U. S. currency or equivalent. Make checks _ < 
payable to the National Council of Teachers of Mathematics. Shipping and handling charges will be added to 6 :0 ? 
all billed orders, 2f .t a 

NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS I c o 
HC 4-~ 

1906 Association Drive, Reston, Virginia 22091 E cJ 
W W I I 

*.O OS. SO .0 0 0~~~~~~~~~~~~~~~~~C\ 
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